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2
+

1

2n
, n 2 N⇤. (67)

dY%nlimn!1 xn = 1
2"

KKK 5. ¶ye = 1 + limn!1
Pn

k=1
1
k!"

©¤µ'ug,~ÍeßÇ§)èêkŸ¬e = limn!1
�
1 + 1

n

�n
ßÇ

©¤èÚå7X˘ò4Å—u"˘ònykXÈr/Í©¤0õßAO¥

Ú/4Å0§ò´ÿ'X$é"

Proof. È
�
1 + 1

n

�n
âë™–møë\|‹Í¬

✓
1 +

1

n

◆n

= 1 +
n

1
· 1
n
+

n(n� 1)

1 · 2
1

n2
+ · · ·+ n(n� 1) · · · 1

1 · 2 · · · n
1

nn

= 1 +
1

1!
· n
n
+

1

2!
· n
n
· n� 1

n
+ · · ·+ 1

n!
· n
n
· n� 1

n
· · · 1

n
. (68)

XJÚ(68)m˝©Í k
n˛ò†1Çk

✓
1 +

1

n

◆n

 1 +
nX

k=1

1

k!
. (69)

Èuÿ™(69)ßÇÜm¸˝n ! 1ßä‚S4ÅS5ü

e  1 + lim
n!1

nX

k=1

1

k!
. (70)

,òê°ßÇ,ám < nßø3ë™–m(68)ƒcmëµ
✓
1 +

1

n

◆n

> 1 +
1

1!
· n
n
+

1

2!
· n
n
· n� 1

n
+ · · ·+ 1

m!
· n
n
· n� 1

n
· · · n�m+ 1

n
. (71)

ƒmß3™(71)¸˝n ! 1ßÈuâmk4Ålimn!1
n�m+1

n = 1

e � 1 +
mX

k=1

1

k!
, 8m 2 N⇤. (72)
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Èn4Å™f(72)ÈòÉm˛§·ßå±2m ! 1

e � 1 + lim
m!1

mX

k=1

1

k!
. (73)

(‹™(72)⁄(73)ßÇyK"

2.3 *–÷øK

÷÷÷ 1. ^Ö‹KOéy

1.S{an}˜vlimn!1 (an+1 � an) = Aß@olimn!1
an
n = A"

2.S{an}˜vlimn!1
an+1

an
= Aß@olimn!1 n

p
an = A"

3.¶4Ålimn!1
n

npn!
"

÷÷÷ 2. Oée4Å

1.limn!1 sin2
⇣
⇡
p
n2 + n

⌘
"

2.limn!1
⇣
n�2
n�1

⌘2n+1
"

3.limn!1 3
p
n
�

3
p
n+ 1� 3

p
n
�
"

4.limn!1
2nn!
nn "

÷÷÷ 3. 2021¢¢¢GGGœœœ•••¡¡¡. x1 > 0ßÖÈòÉn 2 N⇤kxn+1 = 1
2

⇣
xn + 1

xn

⌘
ß¶

ylimn!1 xn3ø¶4Åä"

÷÷÷ 4. ƒS{an}ß¬Sn =
Pn

k=1 akß£âeØK

1.XJSn¬Òßylimn!1 an = 0"

2.XJlimn!1 an = 0ß¥ƒòklimn!1 Sn¬Ò

÷÷÷ 5. ¬FibonacciÍFn+1 = Fn + Fn�1ÈòÉn 2 N⇤§·ßÖF0 = F1 = 1ß

xn = Fn
Fn+1
ßØS{xn}¥ƒ¬ÒßX¬ÒûOé4ÅßXu—`nd"
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# I FITI FE
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an =
5 bu =gan-annaFbn -> L

T EX lim
n-+

= L
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TE

molbn-bn T

#i iA
11 # 0

iT

↑

->i sin ni
I #

Sin Itn) = sin" Iit An -nit)

=sin-

= = e

-> NE CNDBSam I

an2
-> T , X ,

) 0
, * (xn+

- 1) (2-1) .7 -> 0

Ea = =(a + m) * Xc >, Nen > 1 At
: - * # BE

,* To it / Xn-

it Xn + / #El[Xn+ Xn

T

- Es

Xn > 1 (n > 2)

-> Sn-1#F

#N XnEDEE
:

W
i EN

. ISn-1/ * (m > N,
< (Xn-15t

1) /an = In-Sn+1
-> E ,
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duÎYß”ûa < a+ ⇠(h)h < a+ hß¶^

lim
h!0

f 00(a+ ⇠(h)) = f 00(a). (112)

(‹™(111)

lim
h!0

✓(h) =
1

2
. (113)

2.3 *–÷øK

÷÷÷ 1. Oée4Å

1.limx!0
�
tanx
x

� 1
x2"

2.limn!1
(1+ 1

n)
n2

en "

3.limx!0
cos(sinx)�cosx

x4 "

÷÷÷ 2. —e„ºÍÍéN˙™ß,Oéy(n)(0)µ

1.2021cccpppÍÍÍBœœœ"""¡¡¡KKK. y = 1�2x+5x2

(1�2x)(1+x2)"

2.y = ln
⇣
x+

p
1 + x2

⌘
"

÷÷÷ 3. ºÍf3ç(x0 � r, x0 + r)k¬ß3x = x0?nåßP T
n (x)¥f(x)3x =

x0?ngVıë™"?,òángıë™Pn(x)ßy3ù6Pn(x)¿

Í� 2 (0, r)ß¶|f(x)� Pn(x)|  |f(x)� Pn(x)|ÈòÉx 2 (x0 � �, x0 + �)§·"

÷÷÷ 4. ºÍf(x)3[a,+1)åßÖ3kÅ4Ålimx!1 f(x)ß£âeØK

1.fiá~`limx!1 f 0(x) = 0ÿòo§·"

2.ef(x)åßÖf 00(x)3[a,+1)k.ß¶yµlimx!1 f 0(x) = 0"
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e
In)

=
eIn) = e

*In[I + + o(xY)

= e
* (5301x)

= es
n2(n(1+) - n

-> e
= C

n + + d)) -n

= el = fe

-
- [1-* 0(Y)]

=
#- 20(3)

-
x4 x

4

= * ...

-> Inclex
-

1 -2x

:FynBIT = (1 + 2x + (2xx+...
+ (xs + ... ) - [2x +... + ( 1+! 2x277

- TEA-Fi JEN

== 1 = + X+...+ #* . E DEFY (2) In
: y = x

- ++...n !· 2 in

T

=> m
. /fix) - Phixs) = ( . (x-xo)

** / RHS = /f(x) - PnTixs + Prcxs-Pnix) #) & O-Xo X-Xt,

= ( mix-Xo(
*

+ t , (X-Xo) + +z(x-Xo)+..Ex-xop
*
(a , < arc ... <ak)

* sim(x)
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2.3 ¿÷øK

÷÷÷ 1. 2021SSSGGGœœœ•••¡¡¡KKK. ¶~á©êßA)y
0
= xy + 3x+ 2y + 6"

÷÷÷ 2. ¶)~á©êßy
0
=

q
1�y2

1�x2ß5øK3{8aœ)A)"

÷÷÷ 3. P (x, y)dx + Q(x, y)dy = 0¥‡gêßßyµºÍµ(x, y) =
1

xP+yQ¥êß

òá»©œf"

÷÷÷ 4. ƒòÇ5êßy
0
+ p(x)y = 0ßXJp(x)¥3R˛¬±T > 0è±œ±œ

ºÍyµêß?ø)—¥±Tè±œ±œºÍø©7á^á¥
R T
0 p(s)ds = 0"

÷÷÷ 5. f(x)¥R˛k.ºÍß¶êßy
0
+ y = f(x)3R˛§kk.ºÍ)"
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y = 2x+2)(y +3)

- u = X+ 2v = y +3

↑
: v ' =

y CER)V =

EPy = C . e* - 3((ER)

① YEI Yel, FBF = assing = arcsinx + C

-

I
~

# F -4:
y = C . epitsat eX(y+ y) = ex f(x)

#FP(xX , xy) = X P(x , y : yex+ T) = y(x)
· ey=N

7 x 2
=> C . eco

**]
putsdt-pctt EPy = e-X(Yefindt + C . e

-Y 5 Iy

TEAF4*
·

X Y
y

= nx P(x
,y -FC ** XR , ia # Te trwi

#C +0

a e
*)Yet e-X (e+ f(t)dt) b .exed

⑫+y = nPx , y)
i ↓ Efe(x*

+
- p(t)dt

= 1 EP a seX1 fitd+ < b

# (
+T

- pets dt = Sol- puts at A e-* 1% fit) de

: in : /6 pltdt = 0
#FC F0 .

2 . ex

T -↑** ex(etfits dei
-: C= 0

I
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z

-Q)= y ( *-p
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duD(x)¥ÿè0ºÍß@oD(x)3(a, b)3ÅåäßD(x)3:x0

ÅåäD(x0) = Mßä‚4ä:nkD0(x0) = 0⁄D00(x0)  0ßœd

D00(x) + p(x)D0(x) + q(x)D(x)  q(x)D(x) < 0. (66)

˘ÜD(x)§˜vÇ5êßgÒ"œd>äØK(64)ÿ3¸áÿ”)y1(x)⁄y2(x)

KKK 4. œL~á©êßnÿå±èxzáA•áA‘fl›Cz"ƒVïzá

AA ⌦ BßÇ^ºÍA1(t)⁄A2(t)L´áA‘fl›ëûmCz"XJVïáA~

ÍèÍk1, k2ß@oáA‘fl›˜ve„êß
8
<

:

d
dtA = �k1A+ k2B,

d
dtB = k1A� k2B.

(67)

báA‘–©fl›èA(0) = A0 > 0⁄B(0) = B0 > 0ß£âeØK

1.OéáA‘fl›A(t)⁄B(t)"

2.záA•ºÍ¬èG(t) = �A (1 + ln(k1A)) � B (1 + ln(k2B))ßy d
dtG �

0"
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ä‚4ãI¬k

@rg(r, ✓) =
x

r
@xf(x, y) +

y

r
@yf(x, y) = 0, r 2 (0,+1), (87)

✓Úg(r, ✓)wäê±règC˛òºÍß(‹@rg(r, ✓) = 0åg(r, ✓) = C(✓)È

òÉr 2 [0,+1)§·ßKy"

2.2 *–÷øK

÷÷÷ 1. OéeºÍ†Í

1.f(x, y) = x
xy

2.f(x, y) = arcsin xp
x2+y2

÷÷÷ 2. 2021pppÍÍÍBœœœ"""¡¡¡KKK. yf(x, y, z) =

8
><

>:

xyz
x2+y2+z2 , x

2 + y
2 + z

2 6= 0,

0, x
2 + y

2 + z
2 = 0

3

:(0, 0, 0)ÿåá"

÷÷÷ 3. 2021pppÍÍÍBœœœ"""¡¡¡KKK. f, g—‰kÎY†Íßx 6= 0û

¬h(x, y) = xf
� y
x

�
+ g

� y
x

�
ßOéx

2
@xxh(x, y) + 2xy@xyh(x, y) + y

2
@yyh(x, y)"

÷÷÷ 4. ƒf(x, y) =

8
><

>:

x2y
x2+y2 x

2 + y
2 6= 0,

0, x
2 + y

2 = 0
ß£âeØKµ

1.yf(x, y)3(0, 0)3†Í¥ÿåá"

2.-x = y = tKg(t) = f(t, t) = t
2ßdûg

0(t) 6= f
0
x(t)+ f

0
y(t)Û™{Kîß`˘òÜ

ÿ—ynd"
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,00
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|^ÈºÍf(x) = x+ x�15ü

p
mM

f(x)
+

 p
mM

f(x)

!�1


r

m

M
+

r
M

m
. (69)

ì\™(67)

I  1

4

"Z 1

0

 p
mM

f(x)
+

f(x)p
mM

!
dx

#2
 1

4

 r
m

M
+

r
M

m

!2

=
(m+M)2

4mM
. (70)

2.2 ¿÷øK

÷÷÷ 1. Oé»©
R 1
0

x�1
lnx dx"£J´µƒ»©

RR
D xyd�ßŸ•D = [0, 1]⇥ [0, 1]§

÷÷÷ 2. ¶I =
RR

D |xy � 1| dxdyßŸ•D¥ê/[0, 1]⇥ [0, 1]"

÷÷÷ 3. ¶I =
RR

D(x+ y)dxdyßŸ•D ¥y2 = 2xßx+ y = 4⁄x+ y = 12å§´ç"

÷÷÷ 4. f¥[�1, 1]˛ÎYºÍß¶yµ
RR

|x|+|y|1 f(x+ y)dxdy =
R 1
�1 f(z)dz"

÷÷÷ 5. Schwarzÿÿÿ™™™. f⁄g¥[a, b]˛å»ºÍß¶yµ
⇣R b

a f(x)g(x)dx
⌘2


⇣R b

a f2(x)dx
⌘⇣R b

a g2(x)dx
⌘
"£J´µ3D = [a, b]⇥ [a, b]ƒ»©

RR
D(f(x)g(y)�

f(y)g(x))2d�§

÷÷÷ 6. Æf(x)¥[0, 1]˛¸N4~ÎYºÍß¶yµ
R 1
0 xf2(x)dx
R 1
0 xf(x)dx

6
R 1
0 f2(x)dx
R 1
0 f(x)dx

"£J

´µ3D = [0, 1]⇥[0, 1]ƒ»©I =
RR

D f(x)f(y)y(f(x)�f(y))d�øyI � 0"§

20
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,òê°ßÇbI(y) =
R +1
0 e�xyf(x)dx3y 2 (0,+1)òó¬Òßéáy


R +1
0 f(x)dx¬Ò"òág,é{¥ßXJå±y

lim
y!0+0

Z +1

0
e�xyf(x)dx =

Z +1

0

✓
lim

y!0+0
e�xyf(x)dx

◆
=

Z +1

0
f(x)dx, (100)

“g,
R +1
0 f(x)dx¬Ò"˘òê{J:3uI(y)=3y 2 (0,+1)òó¬ÒßÇ

{ÚÎY5D4y = 0?ßg,èÿå±?ÿlimy!0+0 I(y)ú/"è;ù˘òØ

KßÇƒÚÎC˛°»©=zèÎC˛~»©?ÿßœèÎC˛~»

©ÎY5?ÿÿù6òó¬Ò5ü"

Ç^áy{ßXJ
R +1
0 f(x)dxÿ¬Òß@oä‚Ö‹OKß3X2 > X1 >

0⁄" > 0¶ ����
Z X2

X1

f(x)dx

���� > ". (101)

-g(x, y) = f(x)e�xyß@og(x, y)3(x, y) 2 [X1, X2] ⇥ [0,+1)ÎY"|^ÎC˛

~»©(ÿßå±Ú»©“⁄4Å“ÜS

lim
y!0+0

Z X2

X1

f(x)e�xydx =

Z X2

X1

f(x)dx. (102)

|^4Å5üß3vy0 > 0¶

����
Z X2

X1

f(x)e�xy0dx

���� >
"

2
, (103)

ä‚ÎC˛°»©Ö‹OKß™(102)`ÎC˛°»©I(y) =
R +1
0 e�xyf(x)dx3y 2

(0,+1)ÿòó¬Ò"

2.3 ¿÷øSK

÷÷÷ 1. OéÎC˛»©
R 1
0

ln(1+↵x)
1+x2 dxßŸ•ÎÍ↵ � 0"ddå±Oé»©

R 1
0

ln(1+x)
1+x2 dxß

dcÇQœLÈ°ê{y˘ò»©ä¥⇡ ln 2
8 "

÷÷÷ 2. Oé°»©
R +1
0

sin3 x
x dx"

÷÷÷ 3. ÎÍA > 0ßƒÎC˛°»©I(y) =
R +1
0

sinxy
x dxßyµ

1.I(y)3y 2 [A,+1)òó¬Ò"

2.I(y)3y 2 [0,+1)ÿòó¬Ò"

÷÷÷ 4. yµ I(y) =
R +1
0

x
2+xy dx3y 2 (2,+1)ÎY"

24

(n(1+ 2x) =0 I
->TTO , 17 x [0,

to
14X

2 = 1. x = ** dx = + -L=act

-
#

=-si=

↓ y + [A +)* sinxy - ****

* -E TO

-> Ry = **=

him jdx=

* to , 1) So d Fee

TIE 672

T. if /T x (F yt[b,
+ D)

-E

# X- 1 Af X

#=
/,+o dx 42

.. - EX

DbIEER :: 12 , +O



:ònÂ"Ç^¬yfn(x)òó¬Òuf(x)"È8" > 0ßÇy

3N 2 N⇤¶|fn(x)� f(x)| < "ÈòÉn > N⁄x 2 [a, b]§·"

ä‚fn(x)3(a, b)òó¬Ò5ß3N1ßÈòÉn > N1k

|fn(x)� f(x)| < ", 8x 2 (a, b), (55)

ä‚S(x)3a, b¸:¬Ò5ß3N2, N3˜v

|fn(a)� f(a)| < ", 8n > N2, (56)

⁄

|fn(b)� f(b)| < ", 8n > N3. (57)

ƒN = max{N1, N2, N3}ß@on > Nû˛„náÿO—§·ß=

|fn(x)� f(x)| < ", 8x 2 [a, b], (58)

œdfn(x)3[a, b]òó¬Òuf(x)"

2.2 ¿÷øK

÷÷÷ 1. ¶yµºÍë?ÍS(x) =
P1

n=1
x2
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⇣
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=

1

1� u2
. (101)
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KKK 4. f 2 D
2[a, b]Öf(a) = f(b) = 0ßyµÈu?øx 2 (a, b)ß3⇠ 2 (a, b)ß¶

f(x) = f 00(⇠)
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