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1.1 Ø½È©�½Â

Äk·��ÑØ½È©�½Â

½½½ÂÂÂ 1.1. �¼êf(x)�½Â�´I§XJ�3Ó�±I�½Â��¼ê§¦�F ′(x) =

f(x)é��x ∈ I¤á§K¡F (x)�f(x)����¼¼¼êêê§f(x)�¡����ÈÈÈ¼¼¼êêê§P�

F (x) =

∫
f(x)dx. (1)

lf(x)O��¼êF (x)�L§�¡�ØØØ½½½ÈÈÈ©©©"

·�5¿�§XJF (x)´f(x)��¼ê§@o?¿¼êF (x) + CÑ´f(x)��¼

ê§Ù¥C´~ê§=

d

dx
(F (x) + C) =

dF (x)

dx
+

dC

dx
= f(x). (2)

¢Sþ§·��±y²f(x)�¤k�¼êÑU�¤F (x) + C�1/ªµ

½½½nnn 1.1. XJF1(x)ÚF2(x)Ñ´f(x)��¼ê§@o�3~êC¦�F2(x) − F1(x)ð

�uC"
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þã½n�y²�du`²0¼ê��¼ê�U´~�¼ê§ù�wq{ü�(Ø

^·�®²Æ��£ÿØU�¤"·��YÆS�©¥�½n±��±y²ù�(Ø"

þã©Û¢S)º
��oØ½È©$�I��¤+C£=\��~ê¤�/

ª"Ï��½��f(x)§Ù�¼êØ��§
f(x)�¤k�¼êÒ´3Ù,���¼

êF (x)Ä:þ\?¿��~êC ∈ R�¤�¼êx"

Ö¿SNµ�¼ê��35Ú�Ù½n

´Ø´z��¼êf(x)Ñ�3�¼êQº3½È©��Ùp·��±y²§ëY¼

ê´�3�¼ê�"$��
ØëY�¼ê��U�3�¼ê"�´ù¿Ø¿�X?Û

¼êÑ�3�¼ê§¯¢þêÆ��ÙQ�Ñù��(Øµ

½½½nnn 1.2 (�Ù½n). �f(x)3«m(a, b)þ½Â��3�¼êF (x)§@of(x)3(a, b)þ

äk0�5§=éu?¿p, q÷va < p < q < b§XJη´0uf(a)�f(b)�m�¢ê§

@o�3r ∈ (p, q)÷vf(r) = η"

�Ù½n½n�SN!y²Ú�'ò�ÑØI�Ýº"�Ù½n�Ñ
��¼ê�

3�¼ê���7�^�§@Ò´äk0�5"duëY¼êäk0�5�§Ïd��

�3�¼ê�¼ê�7L�ëY¼ê��äkd��"

y3·��Ä�o��ØëY¼ê�Uäk�¼êQºXJ��¼ê3½Â��3

1�amä:§T¼êw,vk0�5§~X[−0.5, 0.5]þ�¼êf(x) = [x]±x = 0�

a�mä:§lã��±wÑf(x)Øäk0�5§Ï�éØ���x¦�f(x)��0.5§

¤±§7,´Ø�3�¼ê�"�´���¼ê�31�amä:�§T¼ê�Uäk

�¼ê§ùpÞ�~µ3�ê�!·�Q?ØL¾�¼ê

f2(x) =

 x2 sin 1
x , x 6= 0,

0, x = 0.
(3)

Ù�¼ê

f ′2(x) =

 2x sin 1
x − cos 1

x , x 6= 0,

0, x = 0.
(4)

w,�¼êf ′2(x)3x = 0´1�amä:§�´f ′2(x)3Rþ�3�¼êf2(x)"

��5`§·�Ø¬'%mä¼êAO´¾�¼ê�Ø½È©§·�AO'%ëY

¼ê3�Ø½È©"

1.2 Ø½È©O�E|

¤¢O���¼ê�Ø½È©§´��ÑT¼ê�¼ê�äNL�ª"�Ä�Ø½

È©´¦��_$�§·��±�â�
{ü��¼ê�/ªíÑ�
Ä�Ø½È©�
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/ªµ ∫
1dx = x+ C, (5)∫
xadx =

xa+1

a+ 1
+ C, (a 6= −1) (6)∫

1

x
dx = ln |x|+ C, (7)∫

sinxdx = − cosx+ C, (8)∫
cosxdx = sinx+ C, (9)∫
1√

1− x2
dx = arcsinx+ C = − arccosx+ C, (10)∫

1

1 + x2
dx = arctanx+ C, (11)∫

exdx = ex + C. (12)

þãúªÑ´Ä�¦�úª��í§´7LOP�Ä�úª"þãúªkü

�I�5¿�:µÙ�§¼ê 1
x�Ø½È©�¼ê´ln |x| + C
�ln(x) + C§�ö

3x < 0´Ã½Â�§
·����¦¼ê��I��¼êäk�Ó�½Â�"��ò

�§���~N´P·�´¼ê 1
−x�Ø½È©´− ln |x| + C§
Ø´ln | − x| + C"Ù

�§¼ê 1√
1−x2��¼êQ´arcsinx�´− arccosx§Ï�arcsinx = π

2 − arccosx§Ï

darcsinxÚ− arccosx����~êπ
2"ù«wq/ª�´L��Ó�¼ê��/3Ø

½È©O��~~�§,��~f´ln |2x| = ln 2+ ln |x|§Ïdln |2x|+CÚln |x|+CÑ

´ 1
x�Ø½È©"

éuØ½È©¯K§��ò�¼ê�/ªÏL/*	0�Ñ5Ò�±�©§L§Ø

´7I�"�´�õê�¹e§·�I�A½�C/§ò���Ø½È©=z�þ¡�

·�ÙG�Ø½È©5)�"ù«C/�±´�êC/§��±´��{Ú©ÜÈ©�

Ø½È©E|"òòòØØØ¬¬¬������ØØØ½½½ÈÈÈ©©©CCC///���¬¬¬������ØØØ½½½ÈÈÈ©©©§´Ø½È©¯K�Ø%

g´"

���êC/

òE,�Ø½È©ÏL�êC/��ªz{�þãÄ�¼ê�Ø½È©§´��{

ü�Ø½È©E|"

~~~ 1. O�Ø½È©
∫

1
x2−1dx"

Proof. du�È¼ê÷v

1

x2 − 1
=

1

2

(
1

x− 1
− 1

x+ 1

)
. (13)
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Ïd∫
1

x2 − 1
dx =

1

2

(∫
dx

x− 1
−
∫

dx

x+ 1

)
=

ln |x− 1| − ln |x+ 1|
2

+C = ln

√∣∣∣∣x− 1

x+ 1

∣∣∣∣+C.
(14)

~~~ 2. O�Ø½È©
∫
sin3 xdx"

Proof. ^n��úª

sin3 x =
3 sinx− sin 3x

4
. (15)

Ïd ∫
sin3 xdx =

3

4

∫
sinxdx− 1

4

∫
sin 3xdx =

1

12
cos 3x− 3

4
cosx+ C. (16)

n�©{£1�a��{¤

·�kw~K

~~~ 3. O�Ø½È©
∫
tanxdx"

Proof. O� ∫
tanxdx =

∫
sinx

cosx
dx = −

∫
d(cosx)

cosx
= − ln | cosx|+ C. (17)

^��t = cosx�∫
tanxdx = −

∫
d(cosx)

cosx
= −

∫
dt

t
= − ln |t|+ C = − ln | cosx|+ C. (18)

·���§n�©{¢�´Äu�©$�

d cosx = − sinxdx. (19)

dd·�l�5��È¼êtanx = sinx
cosx¥J�
�sinx§Ó�©dx�¦nÑ�

©d cosx"���Ø½È©

−
∫

d(cosx)

cosx
, (20)

Ù�©Ú�È¼êüÜ©Ñ�¹cosx§·�Ò�±òcosx�Nw¤��gCþO�Ø

½È©"
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n�©{´Ø½È©E|¥�(¹%�©k��§§I�)K<*	�È¼ê�/

ªJÑ�Ü©�È¼ên?�©§,�|^��{?n'u��/�N0gCþ�Ø½

È©"�
~��n�©�ª�)n�¼êcosxdx = d(sinx)Úsinxdx = −d(cosx)§

±9�ê¼êexdx = d(ex)"3n�¼ê.�Ø½È©p§n�©{AO~^"

1�a��{

��1�a��{§1�a��{�g´���éõ"·�5we¡�~Kµ

~~~ 4. O�Ø½È©
∫

1
x2+2

dx

Proof. �È¼ê�/ª 1
x2+2
J±��?n§·�7LòþãØ½È©�

∫
dx

1+x2
� §Ï

d�Ä��x =
√
2y�∫

1

x2 + 2
dx =

∫ √
2dy

2(y2 + 1)
=

√
2

2
arctan y + C =

√
2

2
arctan

(√
2

2
x

)
+ C. (21)

1�a��{�Ñu:�n�©{��ØÓ"1�a��{Äu�È¼ê�A½

/ª§¦��·�éx?1A½����±z{�È¼ê"þ~¥��È¼ê 1
x2+2
��

J?n§�´��x =
√
2y���#�È¼ê 1√

2(y2+1)
K´�±��O��Ø½È©§

ùNyÑ��x =
√
2y�`³"ØL�A�§du��x =

√
2y¦�·��òdx��

�
√
2dy§Ïd3ÀJ���ª�I��ygCæ^���Ø´LuE,±�u�)J

±?n��©��"

d	§|^n���z{�ªÈ©´�~~^���{µ

~~~ 5. O�Ø½È©
∫ √

1− x2dx"

Proof. æ^��x = sin t"du�È¼ê½Â�[−1, 1]§·��t ∈ [−π
2 ,

π
2 ]§@og,

kcos t ≥ 0"��O�Ø½È©∫ √
1− x2dx =

∫
| cos t|d(sin t) =

∫
cos2 tdt =

∫
1 + cos 2t

2
dt =

t

2
+

sin 2t

4
+C. (22)

duØ½È©
∫ √

1− x2dx´'ux�¼ê§·���òt^xL«Ñ5§@o

sin 2t

4
=

sin t cos t

2
=
x
√
1− x2
2

. (23)

Ï
 ∫ √
1− x2dx =

x
√
1− x2
2

+
arcsinx

2
+ C. (24)
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þ~¥��È¼ê¹k�ªÜ©
√
1− x2§?1��x = sin t�Òò�È¼ê

{z�| cos t|§2?1n�¼ê©ÜÈ©"·��ÑéØ½È©
∫ √

1− x2dx¦^n

���§·���æ^�u��x = sin t§dux ∈ [−1, 1]§·�7L�½t�½Â

�t ∈ [−π
2 ,

π
2 ]��§ù��Ð?´�y
cos t ≥ 0§3m�Ò�MEB|"

©ÜÈ©{

©ÜÈ©{´Äu�ª∫
f(x)d(g(x)) = f(x)g(x)−

∫
g(x)d(f(x)). (25)

�«�d/ª´ ∫
f(x)g′(x)dx = f(x)g(x)−

∫
f ′(x)g(x)dx. (26)

·�ùpw��~f

~~~ 6. O�Ø½È©
∫
arctanxdx"

Proof. ^©ÜÈ© ∫
arctanxdx = x arctanx−

∫
xd(arctanx)

= x arctanx−
∫

x

1 + x2
dx

= x arctanx− ln(1 + x2)

2
+ C. (27)

©ÜÈ©{�g´�´é���§Q,arctanx�È©·�Ø¬¦§·�ÒÏL©

ÜÈ©{=
�¦�(arctanx)′ = 1
1+x2
�'���È©§±��{z�È¼ê�8�"

�ó�§þ~¦^�´©ÜÈ©úª(25)�AÏ�¹g(x) = x§=∫
f(x)dx = xf(x)−

∫
xd(f(x)). (28)

�´ù�í�/rf(x)�?�©¥��{k�¿ØUý�/z{�È¼ê§Ï�·�Ø

U�yxf ′(x)�Ø½È©'f(x)�{ü"Ïdéõ�ÿ§·�3¦^©ÜÈ©�Äk¬

n���©��/X
∫
f(x)dg(x)�ªf§Ù¥g(x) 6= x§,�¦^©ÜÈ©§�we

~µ

~~~ 7. O�Ø½È©
∫
ex sinxdx"
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Proof. ^Ø½È©{O�∫
ex sinxdx =

∫
sinxd(ex) = ex sinx−

∫
ex cosxdx. (29)

2éØ½È©
∫
ex cosxdx�©ÜÈ©∫

ex cosxdx =

∫
cosxd(ex) = ex cosx+

∫
ex sinxdx. (30)

nþ�� ∫
ex sinxdx = ex(sinx− cosx)−

∫
ex sinxdx, (31)

u´ ∫
ex sinxdx =

ex(sinx− cosx)

2
+ C. (32)

3�K¥§XJ��¦^/X(28)�©ÜÈ©§���#Ø½È©'�Ø½È©�

E,"�´·�ò
∫
ex sinxdxÏLn�©��ª��

∫
sinxd(ex),�æ^Ø½È©§�

��#Ø½È©
∫
ex cosxdx�{ü�õ"Ïd¦^Ø½È©�{§·�æ^n�©E

|�~­�"

d	§·�5¿�~5·�¿Ø´��z{��
∫
ex sinxdx��§
´ÏLügØ

½È©��
��'u
∫
ex sinxdx��§(31)"ù«�/3Ø½È©E|�¦^¥é~

�"

�Ù�Y�Ãõ~KÑ¬¦^Ø½È©�E|"��5`§��/Xarctanx½

´lnx��§·��ÐÏL/Xª(28)�©ÜÈ©¦�·��±O�(arctanx)′ =

1
1+x2
½(lnx)′ = 1

x�'�È©¶e´��ex½sinxù�Bun�©��§·��ÐÄk

^/Xþ~��ªò¦�n\�©¥2¦^Ø½È©"

1.3 AÏ¼êØ½È©E|

éuÈ\AÏ¼ê§�)kn©ª!n�knªÚ�Ü©�ª§·�©OdA½�

�{�±(�ùaØ½È©�½�±�Ñ5"·�ò0�ùa�{"ù«äk/Ï^

50��{��g´²(§�´�A�O�þ¬'©ÜÈ©Ú��{�/AÏ0�{�

éõ"

kn©ªÈ©{

kn©ªÈ©{´�È¼ê�eãkn©ª�Ø½È©µ

f(x) =
P (x)

Q(x)
, (33)
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Ù¥P (x)ÚQ(x)Ñ´õ�ª"kn©ª{´vkg�JÝ�½ª�{§���¤�A

�ö�\Ò�½�±O�ÑÈ©"

30�kn©ªÈ©{c§·�Ø��P (x)�gê´�uQ(x)�§¢SþX

JP (x)gê�u�uQ(x)·��±ÏLõ�ª�{Ø{��{JÑ�Ü©�§~X

x3

x2 + 1
= x− x

x2 + 1
, (34)

Ù¥õ�ª�x�±È©§knª� x
x2+1
´©fgê�u©1�knªÈ©"

�e5·�ÏL~f��[0�kn©ªÈ©{

~~~ 8. 2020ppp���êêêÆÆÆBÏÏÏ¥¥¥���ÁÁÁKKK. ^kn©ª{O�Ø½È©
∫

x3+1
x4−3x3+3x2−xdx

Proof. 111���ÚÚÚµµµuuu���kkknnn©©©ªªª���©©©fffgggêêê´́́ÄÄÄ���uuu©©©111gggêêê u�ÃØ"

111���ÚÚÚµµµééé©©©111???111ÏÏÏªªª©©©))) O��

x4 − 3x3 + 3x2 − x = x(x− 1)3. (35)

111nnnÚÚÚµµµ���âââÏÏÏªªª©©©)))(((JJJ§§§òòòkkknnn©©©ªªª���¤¤¤oooaaaÄÄÄ���©©©ªªª������ÚÚÚ oaÄ�©

ª�´�
A

x− a
,

A

(x− a)n
(n > 1)

Bx+ C

x2 + px+ q
,

Bx+ C

(x2 + px+ q)n
(n > 1),

(36)

Ù¥p, q´�âÏª©)(J(½�§A,B,CK´�½~ê"��137��'Xª�[

�Ñ
�o��Ïª©)(J�±
)Ñ�o��Ä�©ª�§·�ùpØKã"éu

�~
ó§·��±��

x3 + 1

x4 − 3x3 + 3x2 − x
=
A

x
+

B

x− 1
+

C

(x− 1)2
+

D

(x− 1)3
, (37)

Ù¥A,B,C,D��½Xê"

111oooÚÚÚµµµ���âââÄÄÄ���©©©ªªª


)))(((JJJOOO������½½½XXXêêê '�k��O��{kü«"Ù�

´ÏÏÏ©©©{{{"éª(37)mý��Ï©

A

x
+

B

x− 1
+

C

(x− 1)2
+

D

(x− 1)3

=
A(x− 1)3 +Bx(x− 1)2 + Cx(x− 1) +Dx

x4 − 3x3 + 3x2 − x

=
(A+B)x3 + (−3A− 2B + C)x2 + (3A+B − C +D)x−A

x4 − 3x3 + 3x2 − x
. (38)
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,�Å�éA

A+B = 1,

−3A− 2B + C = 0,

3A+B − C +D = 0,

−A = 1.

ddA = −1, B = 2, C = 1, D = 2"

,�«(½Xê����{´���êêêÁÁÁ{{{§3(37)�\xA½��±O�ëêA,B,C,D§

~X�\x = 2ïá�§
A

2
+B + C +D =

9

2
. (39)

�´ù��{O�þ �§·�ùp�Ñ�«AÏ��êÁ{§·�¡�333êêê{{{"3

ª(37)üýÓ¦x�

x3 + 1

x3 − 3x2 + 3x− 1
= A+

Bx

x− 1
+

Cx

(x− 1)2
+

Dx

(x− 1)3
, (40)

d�3ª(40)�m�\x = 0�

−1 = A. (41)

dd��O�ÑA��"aq3ª(37)�mÓ¦(x− 1)3�

x3 + 1

x
=
A(x− 1)3

x
+B(x− 1)2 + C(x− 1) +D. (42)

�\x = 1�D = 2"ù��{�,�±k�O�AÚD��§�´¿ØU��O

�BÚC��"�´Q,®²O�ÑAÚD§2(Ü�êÁ{ÒN´O�ÑBÚC§¿ü

$
O�þ"

nþ·��Ñ
Ä�©ª
)

x3 + 1

x4 − 3x3 + 3x2 − x
= −1

x
+

2

x− 1
+

1

(x− 1)2
+

2

(x− 1)3
. (43)

111ÊÊÊÚÚÚµµµ(((ÜÜÜkkknnn©©©ªªª


)))(43)ÅÅÅ���OOO���ØØØ½½½ÈÈÈ©©©w,∫
x3 + 1

x4 − 3x3 + 3x2 − x
dx =

∫ [
−1

x
+

2

x− 1
+

1

(x− 1)2
+

2

(x− 1)3

]
dx

= − ln |x|+ 2 ln |x− 1| − 1

x− 1
+

1

(x− 1)2
+ C. (44)

·��Ñ§�Á���kn©ªÈ©�©1Ï~gê�$½ö/ª{ü§¦�O�

þ��Ø¬�Lþ¡�~K"éu���kn©ª�©1�/ªP (x)§Ïª©)´'

9



�æ���"XJØUÏª©)§g,�Ã{òkn©ª^ª(36)¥�Ä�©ªL�Ñ

5"

d	§O�ª(37)�½Xê��{¥§Ï©{Ú�êÁ{�,æ��´´�½�±

�Ñ5�"3ê{�,{ü§�´ÙÏ~�Ué©1�1g�Ä�©ª¦^"

n�knªÈ©{

�R(x, y)´'ugCþx, y���knª£=�±�¤ü���õ�ª'��/

ª¤§XJ�È¼ê�±�ÑXen�knª/ª

f(x) = R(sinx, cosx). (45)

@o·��½�±ÏL�Uúª��t = tan x
2§òn�knªØ½È©z�kn©ªØ

½È©,�¦)µ∫
R(sinx, cosx)dx =

∫
R

(
2t

1 + t2
,
1− t2

1 + t2

)
· 2

1 + t2
dt. (46)

�Ä�kn©ªÈ©��O�þÒé�§�Uúª���L§Ï~O�þ�

Ø�§·���Øæ^n�knªÈ©{O�Ø½È©"~X·�é~K3Ø½È

©
∫
tanxdx¦^n�knªØ½È©{∫

tanxdx =

∫
2t

1− t2
· 2

1 + t2
dt =

∫
4t

1− t4
dt. (47)

2O���©1�og�kn©ªÈ©O�þ´é��§¤±·���Øæ^kn©ª

È©{"éun�¼ê.�Ø½È©§n�©´��{ük���{"kn©ªÈ©{

�Ì�d�´�O�ÅÎÒO�^�Jø�«Ï^�Ø½È©�{"

�ª.Ø½È©

�±O���ª.Ø½È©«aéõ§·�3dØ��qÞ"ù
Ø½È©�O�

�{Ñ´·�é�ªæ^1�a��{§¦��ª.Ø½È©=z�n�knªÈ©"

)û¯K�'�´²x¦^�o�����±¦��È¼ê=z�kn©ª§���(

O�þ��Ø�§��Ø�(K�U�ØÑ5"·�ÏLe¡�~K5n)�o���

��±?n�ª.Ø½È©"

~~~ 9. ^�ªØ½È©E|O�Ø½È©
∫

1

(x−1)
√

(x−1)(x−2)
dx

Proof. é�È¼êC/∫
1

(x− 1)
√
(x− 1)(x− 2)

dx =

∫
1

(x− 1)2
·
√
x− 1

x− 2
dx. (48)

10



���t =
√

x−1
x−2�x = 2t2−1

t2−1 §u´
1

x−1 = 1− 1
t2
"dd

∫
1

(x− 1)
√
(x− 1)(x− 2)

dx =

∫
t

(
1− 1

t2

)2

· −2t
(t2 − 1)2

dt =

∫
−2
t2

dt =
2

t
+ C. (49)

?�Ú ∫
1

(x− 1)
√
(x− 1)(x− 2)

dx = 2

√
x− 2

x− 1
+ C. (50)

�Ké�È¼ê�Ñ��êC/(48)é­�§,�¦^��t =
√

x−1
x−2K��z

{È©"XJ����t =
√

(x− 1)(x− 2)´Ã{O�Ñ�KÈ©�§ÙÌ��Ï´

òx�¤t�L�ª�9�)���g�§|§´é�,�"
��t =
√

x−1
x−2§�)�

L�ªx = 2t2−1
t2−1 ´'ut�kn©ª§¦��YO�dx�dt�L�ª�~�B"

��5`§�ªÈ©·�¦^���/ªÏ~�t = n
√
ax+ b½t = n

√
ax+b
cx+d§=�

Òe´�gõ�ª½�gkn©ª§K�y
x'ut�L�ª�Ø¬�E,§Ø�ué

È©E¤�	�æ�"

1.4 A�nÜK

Ø½È©´�Y½È©!­È©�nØ�Ä:§ÙöÝºØ½È©��«E|´I

��½êþ�öS�"e¡·�5wA�(Ü
õ«�{�nÜK"·��Ñ§·��

Ñ�ü�nÜKO�E|Ñ¿Ø~5§0�ùü�K��{Ì�´�
O?ÓÆ�é�

«Ø½È©�{�n)"�Y�*ÐÖ¿KKÂ¹
�«IOE|3Ø½È©)K�¦

^�{"

~~~ 10. O�Ø½È©
∫ √

x2 + 1dx

©Ûµ�K�È©(J3½È©pé~^§�´ÙO��{%'�E,§Ïd

Ü©ë�Ö¬ïÆÖö��Pe5ù�Ø½È©(J"�K�±^n����§

-x = tan t�±
)�Ò
√
x2 + 1 = 1

cos t§,�z{¬����©1´og�n�kn

ª�~æ�"�K��±^©ÜÈ©�§�´g´'�|©"

Proof. ���{{{1 n���x = tan t§Ù¥t ∈ (−π
2 ,

π
2 )�∫ √

x2 + 1dx =

∫
dt

cos3 t
. (51)

�â;.�n�n�©�{k∫
dt

cos3 t
=

∫
cos tdt

cos4 t
=

∫
d(sinx)

(1− sin2 x)2
=

∫
dy

(1− y2)2
, (52)

11



Ù¥y = sin t"éuþ¡�kn©ªÈ©§·�òÙ©)�Ä�©ª

1

(1− y2)2
=

A

y + 1
+

B

(y + 1)2
+

C

y − 1
+

D

(y − 1)2
, (53)

²L��O�)�A = B = D = 1
4§C = −1

4§?�Ú∫
dy

(1− y2)2
=

1

4

∫ (
1

y + 1
+

1

(y + 1)2
− 1

y − 1
+

1

(y − 1)2

)
dy

=
1

4
ln

∣∣∣∣y + 1

y − 1

∣∣∣∣− y

2(y − 1)
+ C. (54)

�ây = sin tÚx = tan t§�±O�Ñy = x√
1+x2
§dd∫ √

x2 + 1dx =
1

4
ln

∣∣∣∣y + 1

y − 1

∣∣∣∣− y

2(y2 − 1)
+ C

=
1

4
ln

∣∣∣∣∣
√
1 + x2 + x√
1 + x2 − x

∣∣∣∣∣+ 1

2
x
√
1 + x2 + C. (55)

|^éê5���±z{1
4 ln

∣∣∣√1+x2+x√
1+x2−x

∣∣∣ = 1
2 ln

(√
1 + x2 + x

)
"

���{{{2 ���©ÜÈ©∫ √
x2 + 1dx = x

√
1 + x2 −

∫
xd
(√

1 + x2
)
= x

√
1 + x2 −

∫
x2√
1 + x2

dx

= x
√

1 + x2 −
∫

(x2 + 1)− 1√
1 + x2

dx

= x
√
1 + x2 −

∫
1√

1 + x2
dx−

∫ √
x2 + 1dx. (56)

AO/§È©
∫

1√
1+x2

dx´��²;SK§���129�~K11§·����Ñ(J∫
1√

1 + x2
dx = ln

(√
1 + x2 + x

)
+ C. (57)

¤±·��� ∫ √
x2 + 1dx =

1

2

(
x
√

1 + x2 + ln
(√

1 + x2 + x
))

+ C. (58)

~~~ 11. O�ü�Ø½È©I =
∫

dx
1+x4
ÚJ =

∫
x2dx
1+x4

©Ûµ�K�È¼ê´©1og�kn©ª§¦^Ïª©)

x4 + 1 =
(
x2 + 1

)2 − (√2x)2 = (x2 −√2x+ 1
)
·
(
x2 +

√
2x+ 1

)
, (59)

�±^kn©ªÈ©{O�§�´O�þ�~�"ù�K�±æ^/�é0��{§Ï

LO�Ø½È©I + JÚ−I + J"�Kg´'�|©§ø�[mÿg´ë�"

12



Proof. ÄkO�I + J�§�Ä��y = x− 1
x§@ody =

(
1 + 1

x2

)
dxµ∫

1 + x2

1 + x4
dx =

∫ (
1
x2

+ 1
)
dx

1
x2

+ x2

=

∫
d
(
x− 1

x

)(
x− 1

x

)2
+ 2

=

∫
dy

y2 + 2

=

√
2

2
arctan

(√
2

2
y

)
+ C =

√
2

2
arctan

(√
2

2

(
x− 1

x

))
+ C. (60)

2O�−I + J§�Ä��z = x+ 1
x§@odz =

(
1− 1

x2

)
dxµ∫

x2 − 1

1 + x4
dx =

∫ (
1− 1

x2

)
dx

1
x2

+ x2

=

∫
d
(
x+ 1

x

)(
x+ 1

x

)2 − 2
=

∫
dz

z2 − 2
=

√
2

4

∫ (
1

z −
√
2
− 1

z +
√
2

)

=

√
2

4
ln

∣∣∣∣∣z −
√
2

z +
√
2

∣∣∣∣∣+ C =

√
2

4
ln

∣∣∣∣∣x−
√
2x+ 1

x+
√
2x+ 1

∣∣∣∣∣+ C. (61)

dd��

I =

√
2

4
arctan

(√
2

2

(
x− 1

x

))
−
√
2

8
ln

∣∣∣∣∣x−
√
2x+ 1

x+
√
2x+ 1

∣∣∣∣∣+ C. (62)

±9

J =

√
2

4
arctan

(√
2

2

(
x− 1

x

))
+

√
2

8
ln

∣∣∣∣∣x−
√
2x+ 1

x+
√
2x+ 1

∣∣∣∣∣+ C. (63)

2 *Ðò�

2.1 *ÐKVA

� �êC/E|µ*ÐSK4§*ÐÖ¿K1§2Ú4"

� n�©E|µ*ÐSK1-3§Ö¿K3Ú7"

� 1�a��{µ*ÐSK5Ú6§Ö¿K8"

� ©ÜÈ©E|µ*ÐSK7-9§Ö¿K5Ú6"

� �é!4í�Ù¦E|µ*ÐSK10Ú11"

13



2.2 *ÐSK

KKK 1. O�Ø½È©
∫

dx
x
√
x2−1

©Ûµ�K�J?n�Ü©´©1�
√
x2 − 1§·�Jøü«n�©�?n�{"

Ù�´IO�/�ê�©0E|§,	�«K´�34E,�
√
x2 − 1?\�©"

Proof. ���{{{1 5¿�d
√
x2 − 1 = xdx√

x2−1§,���t =
√
x2 − 1µ∫

dx

x
√
x2 − 1

=

∫
1

x2
d
√
x2 − 1 =

∫
dt

t2 + 1
= arctan t+ C, (64)

dd ∫
dx

x
√
x2 − 1

= arctan
√
x2 − 1 + C. (65)

���{{{2 ·��8I´nÑ�©d
(
1
x

)
= −dx

x2
§Äk�Äx > 0��¹∫

dx

x
√
x2 − 1

=

∫
dx

x2
√

1− 1
x2

= −
∫

d
(
1
x

)√
1− 1

x2

= − arcsin
1

x
+ C. (66)


�x < 0�§·�l�Ò
√
x2 + 1J�Ïf�§�ª�

√
1− x2 = −x

√
1− 1

x2
§Ïd∫

dx

x
√
x2 − 1

= −
∫

dx

x2
√
1− 1

x2

=

∫
d
(
1
x

)√
1− 1

x2

= arcsin
1

x
+ C. (67)

�âx�ÎÒo( ∫
dx

x
√
x2 − 1

= − arcsin
1

|x|
+ C. (68)

�â�n�¼ê�5��y− arcsin 1
|x| = arctan

√
x2 − 1§Ïdü«�{(J�

Ó"�´1�«�{�9xÎÒ�?Ø§ù´�9��ª�Ø½È©���´�

:"

KKK 2. O�Ø½È©
∫

sinx cosx

(4 sin2 x+9 cos2 x)
2dx

©Ûµ�K´IO�n�¼ê.Ø½È©§éN´nÑ�©d(sinx) = cosxdx§â

d?1È©"

Proof. n�©∫
sinx cosx(

4 sin2 x+ 9 cos2 x
)2dx =

∫
sinx(

4 sin2 x+ 9
(
1− sin2 x

))2d(sinx)
=

∫
t

(9− 5t2)2
dt

=
1

2

∫
1

(9− 5t2)2
d(t2) =

1

10 (9− 5t2)
+ C, (69)
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Ù¥��t = sinx§dd∫
sinx cosx(

4 sin2 x+ 9 cos2 x
)2dx =

1

10
(
9− 5 sin2 x

) + C =
1

10
(
4 sin2 x+ 9 cos2 x

) + C. (70)

KKK 3. O�Ø½È©
∫

1
1−x2 ln

1+x
1−xdx

©Ûµ�K´¹kln��©§�
z{�È¼ê§·��±}ÁnÑ¹ln�È©"

d	�k�«¦^1�a��{��{§O�þ���´g´���"

Proof. ���{{{1 �
?nln 1+x
1−x�§·�5¿�Xe�©

d

(
ln

1 + x

1− x

)
=

2

1− x2
. (71)

u´���∫
1

1− x2
ln

1 + x

1− x
dx =

1

2

∫
ln

1 + x

1− x
d

(
ln

1 + x

1− x

)
=

1

4

(
ln

1 + x

1− x

)2

+ C. (72)

���{{{2 du�ln 1+x
1−xØN´?n§·����t =

1+x
1−x§ù���Ø=z{
�È¼

ê§
�x'ut�L�ªx = t−1
t+1´©ª§�Ø�uL©E,"�X^1�aÈ©��

{ ∫
1

1− x2
ln

1 + x

1− x
dx =

∫
1

1−
(
t−1
t+1

)2 ln td( t− 1

t+ 1

)

=

∫
(t+ 1)2

4t
· 2

(1 + t)2
ln tdt =

∫
ln t

2t
dt =

(ln t)2

4
+ C. (73)

dd ∫
1

1− x2
ln

1 + x

1− x
dx =

1

4

(
ln

1 + x

1− x

)2

+ C. (74)

�KNy
n�©�1�a��{��u1�a��{3O�þ�`³§�´Ï~

1�a��{I�é�È¼ê�[��*	"

KKK 4. O�Ø½È©
∫

cosx−sinx
1+sinx cosxdx

©Ûµ�
én�¼êªn�©§k��±æ^ð�C/1 = sin2 x+ cos2 x"d	

du�È¼ê©fk�cosx− sinx§·�F"òù��n\�©¥±z{�È¼ê"

Proof. ^ð�C/1 = sin2 x+ cos2 x��

cosx− sinx

1 + sinx cosx
=

2(cosx− sinx)

1 + sin2 x+ cos2 x+ 2 sinx cosx
=

2(cosx− sinx)

1 + (sinx+ cosx)2
. (75)
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dd?1n�©∫
cosx− sinx

1 + sinx cosx
dx =

∫
2d(sinx+ cosx)

1 + (sinx+ cosx)2
= 2arctan(sinx+ cosx) + C. (76)

KKK 5. O�Ø½È©
∫ √

2x2+3
x dx

©Ûµ�����È¼êSº�Òe�²���§~~Ñ¦^n���?n§±�

Ø�È¼ê��Ò�"|^n�ð�ª 1
cos2 x

= 1 + tan2 x(Ü1�a��{§�±�Ø

ù�¯K��Ò§�´�AO�þ�é�"�K�k�«AÉ�{"3Ü©�á¥§¬

0�¦^V­n�¼ê���E|§·�ùpØ��9"

Proof. ���{{{1 �n���x =
√

3
2 tan t§Ù¥t ∈ (−π

2 ,
π
2 )§dd

√
2x2 + 3 =

√
3

| cos t| =√
3

cos t"ddéÈ©^1�a��{∫ √
2x2 + 3

x
dx =

√
3

cos t√
3
2 tan t

d

(√
3

2
tan t

)
=
√
3

∫
dt

cos2 t sin t
. (77)

�én�È©
∫

dt
cos2 t sin t

·�JÑü«?n�{"

���{{{1.1 ^n�©��{∫
dt

cos2 t sin t
=

∫
sin tdt

cos2 t sin2 t
= −

∫
d cos t

cos2 t(1− cos2 t)

= −
∫

dy

y2(1− y2)
= −

∫
dy

y2
−
∫

dy

1− y2

=
1

y
+

1

2
ln

∣∣∣∣y − 1

y + 1

∣∣∣∣+ C, (78)

Ù¥��y = cos t§dd
∫

dt
cos2 t sin t

= 1
cos t +

1
2 ln

∣∣∣ cos t−1cos t+1

∣∣∣+ C"

���{{{1.2^ð�C/1 = sin2 x+ cos2 x��∫
dt

cos2 t sin t
=

∫
cos2 t+ sin2 t

cos2 t sin t
dt =

∫
dt

sin t
+

∫
sin t

cos2 t
dt. (79)

��¡�â~K1�∫
dt

sin t
=

∫
sin tdt

1− cos2 t
= −

∫
d(cos t)

1− cos2 t
=

1

2
ln

∣∣∣∣cos t− 1

cos t+ 1

∣∣∣∣+ C. (80)

,��¡ ∫
sin t

cos2 t
dt = −

∫
d(cos t)

cos2 t
=

1

cos t
+ C. (81)

dd���
∫

dt
cos2 t sin t

= 1
cos t +

1
2 ln

∣∣∣ cos t−1cos t+1

∣∣∣+ C"
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�e5k ∫ √
2x2 + 3

x
dx =

√
3

cos t
+
√
3 ln

∣∣∣∣cos t− 1

cos t+ 1

∣∣∣∣+ C. (82)

dutan t =
√
6
3 x§Ïd

cos t =
1√

1 + 2
3x

2
=

√
3

2x2 + 3
. (83)

?�Ú ∫ √
2x2 + 3

x
dx =

√
2x2 + 3 +

√
3

2
ln

∣∣∣∣∣
√
2x2 + 3−

√
3√

2x2 + 3 +
√
3

∣∣∣∣∣+ C. (84)

���{{{2 ��t =
√
2x2 + 3§@ot2 = 2x2 + 3§¦�©�2tdt = 4xdx§£�dx =

tdt
2x§�\È©¥ ∫ √

2x2 + 3

x
dx =

∫
t

x
· t
2x

dt =

∫
t2

t2 − 3
dt. (85)

þãö���±n)�1�a��{t =
√
2x2 + 3"UYétÈ©∫

t2

t2 − 3
dt =

∫ (
1 +

3

t2 − 3

)
dt = t+

√
3

2

∫ (
1

t−
√
3
− 1

t+
√
3

)
dt

= t+

√
3

2
ln

∣∣∣∣∣ t−
√
3

t+
√
3

∣∣∣∣∣+ C. (86)

�£�����ª(84)(J"

KKK 6. O�Ø½È©
∫ √

7 + x− x2dx

©Ûµ·��±C/
√
7 + x− x2 =

√
29
4 −

(
x− 1

2

)2
§¿}Án�����{¦

)"

Proof. ��x = 1
2 +

√
29
2 sin t§Ù¥t ∈ [−π

2 ,
π
2 ]§^1�a��{∫ √

7 + x− x2dx =

∫ √
29

2
| cos t|d

(
1

2
+

√
29

2
sin t

)
=

29

4

∫
cos2 tdt. (87)

|^���úª� ∫
cos2 tdt =

∫
1 + cos 2t

2
dt =

t

2
+

sin 2t

4
+ C. (88)

·�5¿�t = 2√
29

arcsin
(
x− 1

2

)
±9

sin 2t = 2 sin t cos t = 2

(
2√
29

(
x− 1

2

))
·
(

2√
29

√
7 + x− x2

)
=

8

29

(
x− 1

2

)√
7 + x− x2. (89)

dd∫ √
7 + x− x2dx =

√
29

4
arcsin

(
x− 1

2

)
+

1

2

(
x− 1

2

)√
7 + x− x2 + C. (90)
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KKK 7. O�Ø½È©
∫
x arccosx
(1−x2)2 dx

©Ûµ*	ù�¯K§��¡du�È¼êkarccosx§3©ÜÈ©{��Úe·

�F"òarccosx33�©±	§òÙ{Ü©�?�©±S§,�^©ÜÈ©§,��

¡§�©d
(

1
1−x2

)
= 2xdx

(1−x2)2§^n�©��{"

Proof. ^©ÜÈ©{∫
x arccosx

(1− x2)2
dx =

1

2

∫
arccosxd

(
1

1− x2

)
=

arccosx

2 (1− x2)
−
∫

dx

2 (1− x2)
3
2

. (91)

�é©ªÈ©
∫

dx

2(1−x2)
3
2
^n���x = sin t§Ù¥t ∈ [−π

2 ,
π
2 ]��∫

dx

2 (1− x2)
3
2

=

∫
d(sin t)

2 cos3 t
=

∫
dt

2 cos2 t
=

tan t

2
+ C. (92)

dx = sin t�tan t = x√
1−x2"dd∫
x arccosx

(1− x2)2
dx =

arccosx

2 (1− x2)
− x

2
√
1− x2

+ C. (93)

KKK 8. O�Ø½È©
∫

earctan x

(1+x2)
3
2
dx

©Ûµ�?nE,�earctanx§·�n�©d
(
earctanx

)
= earctan x

1+x2
"

Proof. O� ∫
earctanx

(1 + x2)
3
2

dx =

∫
d
(
earctanx

)
√
1 + x2

=
earctanx√
1 + x2

+

∫
xearctanx

(1 + x2)
3
2

dx. (94)

�XéÈ©
∫
xearctan x

(1+x2)
3
2
dx2�©ÜÈ©

∫
xearctanx

(1 + x2)
3
2

dx =

∫
xd
(
earctanx

)
√
1 + x2

=
xearctanx√
1 + x2

−
∫

earctanx

(1 + x2)
3
2

dx. (95)

(ÜügØ½È©���ª∫
earctanx

(1 + x2)
3
2

dx =
(1 + x)earctanx√

1 + x2
−
∫

earctanx

(1 + x2)
3
2

dx. (96)

u´ ∫
earctanx

(1 + x2)
3
2

dx =
(1 + x)earctanx

2
√
1 + x2

+ C. (97)
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KKK 9. O�Ø½È©
∫

x sinx cosx

(4 sin2 x+9 cos2 x)
2dx

©Ûµ�KAO'5�a/XI =
∫
xf(x)dx�Ø½È©§Ù¥f(x)�Ø½È©´

'�N´O��§�F (x) =
∫
f(x)dx"XJF (x)ØE,§ùa¯KÏ~�±¦^eã

Ø½È©O�
∫
xf(x)dx = xF (x)−

∫
F (x)dx"

Proof. 3K3·�O�Ñ∫
sinx cosx(

4 sin2 x+ 9 cos2 x
)2dx =

1

10
(
4 sin2 x+ 9 cos2 x

) + C. (98)

ù��u�©'X

d

(
1

10
(
4 sin2 x+ 9 cos2 x

)) =
sinx cosx(

4 sin2 x+ 9 cos2 x
)2dx. (99)

dd¦^©ÜÈ©∫
x sinx cosx(

4 sin2 x+ 9 cos2 x
)2dx =

x

10
(
4 sin2 x+ 9 cos2 x

) − 1

10

∫
dx

4 sin2 x+ 9 cos2 x
. (100)

·�UYO�§|^�©d(tanx) = dx
cos2 x

k∫
dx(

4 sin2 x+ 9 cos2 x
) =

∫
dx

cos2 x (4 tan2 x+ 9)

=

∫
d(tanx)

4 tan2 x+ 9
=

1

6
arctan

(
2 tanx

3

)
+ C. (101)

Ïd∫
x sinx cosx(

4 sin2 x+ 9 cos2 x
)2dx =

x

10
(
4 sin2 x+ 9 cos2 x

) − arctan
(
2 tanx

3

)
60

+ C. (102)

KKK 10. ^�é{O�ü�Ø½È©I =
∫

sinxdx
a cosx+b sinxÚJ =

∫
cosxdx

a cosx+b sinx§Ù¥ë

êa, b > 0"

©Ûµ�K´�é{�Ì�~f��§´7LOP�K."üÕO�Ø½È

©I, JéJ§u´·�ÀJO�Ø½È©bI + aJÚaI − bJ§¿�)Ø½È©I, J"

Proof. ÄkO�

bI + aJ =

∫
a cosx+ b sinx

a cosx+ b sinx
dx = x+ C, (103)

�e5

aI − bJ =

∫
a sinx− b cosx
a cosx+ b sinx

dx = ln |a cosx+ b sinx|+ C. (104)
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dd�

I =
bx+ a ln |a cosx+ b sinx|

a2 + b2
+ C, (105)

Ú

J =
ax− b ln |a cosx+ b sinx|

a2 + b2
+ C. (106)

KKK 11. ^S�{�Ñe�È©�4íª§Ù¥n,m ∈ Nµ

1.In =
∫
sinn xdx

2.Jn,m =
∫
xn(lnx)mdx

©Ûµùa���ëên�Ø½È©§��´ÏL©ÜÈ©��{ïá4í'X§


©ÜÈ©�g´����©ÜÈ©�N��"�K�1´ò?¿n�©�üÕ�

�sinxn\�©§�K�2K´�3�êÐO��(lnx)m3�©±	ò{eÜ©n�

©"��c�©ÜÈ©K8�Ó§©ÜÈ©�8���´=z�È¼ê�·�U?n�

Ü©"

Proof. 1.^©ÜÈ©

In =

∫
sinn xdx = −

∫
sinn−1 xd(cosx)

= − sinn−1 x cosx+

∫
cosxd

(
sinn−1 x

)
= − sinn−1 x cosx+ (n− 1)

∫
sinn−2 x cos2 xdx

= − sinn−1 x cosx+ (n− 1)

∫
sinn−2 x

(
1− sin2 x

)
dx

= − sinn−1 x cosx+ (n− 1)In−2 − (n− 1)In, (107)

dd

nIn = (n− 1)In−2 − sinn−1 x cosx. (108)

2.^©ÜÈ©

Jn,m =

∫
xn(lnx)mdx =

1

n+ 1

∫
(lnx)md

(
xn+1

)
=

xn+1(lnx)m

n+ 1
− m

n+ 1

∫
xn+1 ·

(
(lnx)m−1

x

)
dx

=
xn+1(lnx)m

n+ 1
− m

n+ 1

∫
xn(lnx)m−1dx

=
xn+1(lnx)m

n+ 1
− m

n+ 1
Jn,m−1. (109)
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2.3 *ÐÖ¿K

ÖÖÖ 1. ®�f ′(2 + cosx) = tan2 x+ sin2 x§¦f(x)�L�ª"

ÖÖÖ 2. O�Ø½È©
∫ √x(1+x)
√
x+
√
1+x

dx"

ÖÖÖ 3. O�Ø½È©
∫

3

√
2−x
2+x ·

dx
(2−x)2"

ÖÖÖ 4. O�Ø½È©
∫ √

1 + sinxdx"

ÖÖÖ 5. O�Ø½È©
∫

x lnx
(1+x2)2

dx"

ÖÖÖ 6. O�Ø½È©
∫
xex sinxdx"

ÖÖÖ 7. O�Ø½È©
∫

1+x
x(1+xex)dx"

ÖÖÖ 8. O�Ø½È©
∫ √

tanxdx"
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