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1.1 ¹ëCþ�~È©

¹ëCþ�~È©�½ÂÚn)

b½��¼êg(x, y)3Ý/[a, b] × [c, d]½Â§éu�½�y ∈ [c, d]§�±½Â'u

gCþx��~È©

I(y) =

∫ b

a
g(x, y)dx. (1)

���È©�I(y)´'ugCþy�¼ê§¡�¹¹¹ëëëCCCþþþ���~~~ÈÈÈ©©©§¹ëCþÈ©�

gCþy�¡�ëëëêêê"du½È©O��©E,5§·�F"3Ø�ÑI(y)wªL�

ª�Ä:þïÄÙëY!��ÚÈ©5�§ù´�!�Ì�"¢Sþ§XJ�È¼

êg(x, y)äkÐ�5�§3½È©���±D4�I(y)"�
�Bå�§XØ\`²·

�þb½g(x, y)3Ý/[a, b]× [c, d]þëY"

��g,�¯K´§��og(x, y)é5��±BL½È©D4�¹ëCþÈ

©I(y)Qº�
J,�*n)§·��Ä[a, b] = [1, N + 1]"éu�½�y§�±

òx3[1, n+1]�È©
©��«m{[n, n+1]}Nn=1þ§,�z�ã^Ý/¡È1 ·g(n, y)�

OÈ©�µ

I(y) =

∫ N+1

1
g(x, y)dx =

N∑
n=1

∫ n+1

n
g(x, y)dx ≈

N∑
n=1

g(n, y) =
N∑
n=1

gn(y), (2)
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Ù¥·�Pgn(y) = g(n, y)��½n±y�gCþ���¼ê"3ù«lÑe§·�ò¹

ëCþÈ©I(y)�±Cq�k�õ�±y�gCþ�¼êgn(y)�Ú§duz��gn(y)Ñ

´ëY�§ÏdÚ¼ê
∑N

n=1 gn(y)�ëY§·�Ò�±n)I(y)ëY��d"aq

/§gn(y)���!È©5���±3lÑ�¿ÂeD4�¹ëCþÈ©I(y)"

,�«'uI(y)ëY5�n)�ª´lAÛÀ�5w"Xã¤«§�½y ∈ [c, d]§

¹ëCþÈ©I(y) =
∫ b
a g(x, y)dx��uÒKÜ©�¡�¡È"�g(x, y)äkëY5

�§·��±n)�y$Ä�§�¡¡È���´ëYCz�"

¹ëCþ�~È©�5�

e¡·�XÚo(¹ëCþ�~È©��«5�§·�¬lXª(2)��ÝÐ«ù


úª��*¹Â"Äk´ëY5úª

½½½nnn 1. XJg(x, y)3Ý/[a, b]× [c, d]þëY§@oI(y) =
∫ b
a g(x, y)dx3[c, d]þëY"

��íØ§XJg(x, y)3Ý/[a, b]× [c, d]þëY§�âI(y)�ëY5k

lim
y→y0

∫ b

a
g(x, y)dx = I(y0) =

∫ b

a
g(x, y0)dx =

∫ b

a

(
lim
y→y0

g(x, y)

)
dx. (3)

dd½n1�íØ�y
È©Ò
∫ b
aÚ4�Òlimy→y0�±��O�^S",
·�7

L�Ñ§È©Ò
∫ b
aÚ4�Òlimy→y0��$�^S�ö�´g(x, y)ëY5�y�§X

Jg(x, y)ØäkëY5§��^S�ö���Ø¤á"Ïd3¦^È©ÒÚ4�Ò��

S5��§7LÄk�½g(x, y)ëY�Ý/«�[a, b]× [c, d]"

,�a­��¹ëCþÈ©´È©þ�Úe��6ëêy�È©§¤�¹¹¹ëëëCCCþþþCCC

���ÈÈÈ©©©"�,�g(x, y)3Ý/[a, b] × [c, d]þëY§¼êu(y)Úv(y)´3[c, d]½Â���

u[a, b]�¼ê§¹ëCþC�È©/X

I(y) =

∫ v(y)

u(y)
g(x, y)dx. (4)

éu¹ëCþC�È©§·��kXe�ëY5½nµ

½½½nnn 2. XJg(x, y)3Ý/[a, b] × [c, d]þëY§¼êu(y)Úv(y)´3[c, d]½Â���

u[a, b]�ëY¼ê§@oI(y) =
∫ v(y)
u(y) g(x, y)dx3[c, d]þëY"

·�3?Ø¹ëCþC�È©�ëY5�§AÄké�¦�g(x, y)ëY�v
��

Ý/«�[a, b]× [c, d]§,�(�þ�Úe�¼ê��u[a, b]¥"·�5we¡�~Kµ

~~~ 1. O�4�limy→0

∫ y+π
2

y
sin2 x
4+x2y

dx"
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©Ûµ�Kkü«�{§�«�{´��/^¹ëCþC�È©�ëY½n"�«

´k��ò¹ëCþÈ©�þe�?n�Ø�6ëêy"·�©O0�ü«�{"ØØ

=�«�{§ÑI��½¦���¼ê sin2 x
4+x2y

ëY�Ý/«�[a, b]× [c, d]"

Proof. ���{{{1.������¦¦¦^̂̂¹¹¹ëëëCCCþþþCCC���ÈÈÈ©©©ëëëYYY555 ·�I�À½g(x, y) = sin2 x
4+x2y

�ë

Y5§du©fsin2 xÚ©14 + x2yÑëY§�
g(x, y)ëY�I©1�0"�Ä«

�(x, y) ∈ [−1, 1]× [−1
4 ,

1
4 ]§«�÷v|x2y| < 1

4§¤±©1�0"d	�y ∈ [−1
4 ,

1
4 ]�§

È©þe�y, y + π
2 ∈ [−1, 1]§dd�±¦^¹ëCþC�È©�ëY5½nµ

lim
y→0

∫ y+π
2

y

sin2 x

4 + x2y
=

∫ π
2

0

sin2 x

4
dx =

π

16
. (5)

���{{{2.¦¦¦^̂̂������{{{zzz������������¹¹¹ëëëCCCþþþÈÈÈ©©© é�½ëêy§3¹ëCþÈ©A^

��z = x− y�� ∫ y+π
2

y

sin2 x

4 + x2y
dx =

∫ π
2

0

sin2(z + y)

4 + y(z + y)2
dz. (6)

�e5·��(@��¼êh(z, y) = sin2(z+y)
4+y(z+y)2

3Ý/½Â��ëY5§du©

fsin2(z + y)Ú©14 + y(z + y)2é��(z, y) ∈ R2ÑëY§�
��¼êh(z, y)ëYI

�©1�0"�Ä3«�(z, y) ∈ [−1
2 ,

1
2 ] × [−1, 1]§·��±y²

∣∣y(z + y)2
∣∣ ≤ 9

4§¤±

©14 + y(z + y)23«�[−1
2 ,

1
2 ] × [−1, 1]o�0§Ïd��¼ê sin2(z+y)

4+y(z+y)2
3«�(z, y) ∈

[−1
2 ,

1
2 ]× [−1, 1]ëY"A^ª(3)��

lim
y→0

∫ π
2

0

sin2(z + y)

4 + y(z + y)2
dz =

∫ π
2

0

(
lim
y→0

sin2(z + y)

4 + y(z + y)2

)
dz =

∫ π
2

0

sin2 z

4
dz =

π

16
. (7)

o(e5§XJ¦^¹ëCþC�È©�ëY5½n§�½�Ý/«�[a, b] ×

[c, d]7L�yÈ©þ�ÚÈ©e��÷v�A��¦§¬E,�
"�´�
½È©�

��Ú½§O�¬{üØ�"

�e5·�?Ø¹ëCþÈ©I(y)3[c, d]þ�½È©:

½½½nnn 3. XJg(x, y)3Ý/[a, b]× [c, d]þëY§@oI(y) =
∫ b
a g(x, y)dx3[c, d]þ�È§

¿�È©�÷v

I =

∫ d

c
I(y)dy =

∫ d

c

(∫ b

a
g(x, y)dx

)
dy =

∫ b

a

(∫ d

c
g(x, y)dy

)
dx. (8)

l/ªþw§ª(8)�dcÆS�­È©�S´���§=éu��½Â��

Ý/[a, b] × [c, d]�ëY¼ê��¼êg(x, y)§kégCþxÈ©,�2égCþyÈ

©§ÚkégCþyÈ©2égCþxÈ©�J��"l¹ëCþÈ©��Ýw§�
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�u·���O�I(y)�È©§Ò�±kO���¼êg(x, y)éëêy�È©G(y) =∫ d
c g(x, y)dy§,�2éG(y)È©"

��§·���±llÑ��Ýn)¹ëCþÈ©�½È©úªµ�Ä

I(y) =

∫ N+1

1
g(x, y)dx ≈

N∑
n=1

gn(y), (9)

é�müªÓ�3y ∈ [c, d]È©§k��¼êÚ�½È©�u��½È©�Ú∫ d

c
I(y)dy ≈

∫ d

c

(
N∑
n=1

gn(y)

)
dy =

N∑
n=1

(∫ d

c
gn(y)dy

)
. (10)

dd
N∑
n=1

(∫ d

c
gn(y)dy

)
≈
∫ N+1

1

(∫ d

c
g(x, y)dy

)
dx. (11)

��·�?Ø¹ëCþÈ©I(y)�¦�úªµ

½½½nnn 4. XJg(x, y)3Ý/[a, b] × [c, d]þëY§�'uëêy� �êg′y(x, y)3Ý

/[a, b]× [c, d]þ�3�ëY§@oI(y) =
∫ b
a g(x, y)dx3[c, d]þ�È§¿��ê�÷v

I ′(y) =

∫ b

a
g′y(x, y)dx. (12)

l/ªþw§ª(12)w�·�'uëêy�¦�$�ÚÈ©$�
∫ b
a�±��$�^

S"llÑ��Ýn)¹ëCþÈ©�½È©úª§·�éª(9)�méëêy¦ �

êµ

I ′(y) ≈
N∑
n=1

g′n(y) ≈
∫ b

a
g′y(x, y)dx. (13)

¹ëCþÈ©�¦�½n�±^u¹ëCþÈ©I(y)wªL�ª�O�§·�5w

��~Kµ

~~~ 2. O�¹ëCþÈ©I(y) =
∫ π

2
0 ln

(
y2 sin2 x+ cos2 x

)
dx§Ù¥ëêy ∈ (0,+∞)"

£5µXJy = 0§È©I(y)´×È©§·��Ñù«�¹¤

©Ûµéu�½�y§du�È¼êln
(
y2 sin2 x+ cos2 x

)
��¼êØ´Ð�¼ê§

·�Ã{O�¹ëCþÈ©I(y)"dd§·�=�O�¹ëCþÈ©I ′(y)§d��È¼

êln
(
y2 sin2 x+ cos2 x

)
'uëêy� �ê�È©´�±O��"

Proof. ½Â��¼êg(x, y) = ln
(
y2 sin2 x+ cos2 x

)
§O�'uëêy� �ê

g′y(x, y) =
2y sin2 x

y2 sin2 x+ cos2 x
. (14)
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w,§¼êg(x, y)Úg′y(x, y)3Ý/[0, π2 ]× [0,+∞)ëY§A^¦�½n

I ′(y) =

∫ π
2

0
g′y(x, y)dx = 2y

∫ π
2

0

sin2 x

y2 sin2 x+ cos2 x
dx = 2y

∫ π
2

0

tan2 x

y2 tan2 x+ 1
dx. (15)

^��t = tanxO�½È©∫ π
2

0

tan2 x

y2 tan2 x+ 1
dx =

∫ +∞

0

t2dt

(1 + t2)(1 + y2t2)
(16)

�y 6= 1�A^kn©ªÈ©{∫ +∞

0

t2dt

(1 + t2)(1 + y2t2)
=

1

y2 − 1

(∫ +∞

0

dt

t2 + 1
−
∫ +∞

0

dt

1 + y2t2

)
=

1

y2 − 1

(
π

2
− π

2y

)
=

π

2y(y + 1)
, y 6= 1. (17)

¢SþØJ�y§�y = 1�k∫ +∞

0

t2dt

(1 + t2)(1 + t2)
=
π

4
. (18)

ddI ′(y) = π
y+1é��y > 0¤á"Ïd·��±�Ñ

I(y) = π ln(y + 1) + C, (19)

Ù¥C�~ê"5¿��y = 1�kI(1) = 0§¤±ëêC = − ln 2§ddI(y) =

π ln y+1
2 "

���!(�§·�?Ø¹ëCþC�È©�¦�¯K"�,�g(x, y)3Ý

/[a, b] × [c, d]þëY§¼êu(y)Úv(y)´3[c, d]½Â���u[a, b]�¼ê§¹ëCþC

�È©/X

I(y) =

∫ v(y)

u(y)
g(x, y)dx. (20)

XJu(y), v(y)Ñ��§�g(x, y)éëêy�3 �ê§KI(y)���"¦�úª´ÏL

óª{Kí��µ�Än�¼ê

F (y, u, v) =

∫ v

u
g(x, y)dx. (21)

@o�±òI(y)�¤EÜ¼êI(y) = F (y, u(y), v(y))",�O� �ê

I ′(y) =
∂F

∂u
(y, u(y), v(y))u′(y) +

∂F

∂v
(y, u(y), v(y))v′(y) +

∂F

∂y
(y, u(y), v(y))

= −g(u(y), y)u′(y) + g(v(y), y)v′(y) +

∫ v(y)

u(y)
g′y(x, y)dx. (22)

é'¹ëCþÈ©�¦�úª(13)§duÈ©þe��6ëêy§Ïd�êI ′(y)õÑ


�þe��'�ü�"·��Ñ§�êI ′(y)7L´�¹y��gCþ�¼ê§¤

±I ′(y)�L�ªØ�±Ñyu, v�Ù¦¶i�gCþ"
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~~~ 3. �y > 0§�g(y) =
∫ y2
0

ln(1+xy)
x dx§¦g′(y)"

©Ûµ�K�IO�¹ëCþC�È©�¦�¯K§Ph(x, y) = ln(1+xy)
x "w

,h(x, y)'ugCþx� �êÃ{O�§=·�Ã{��g(y)�wªL�ª§ÏdI

�@úª(22)=�"I�5¿�´§éS���¼ê ln(1+xy)
x ¦��§´éëêy¦ 

�"�·���'u �ê�È©ª
∫ y2
0 h′y(x, y)§XJÈ©�±O�§I��Ñ5"

Proof. Ph(x, y) = ln(1+xy)
x §ÄkO� �ê

h′y(x, y) =
1

1 + xy
. (23)

�\úª(22)

g′(y) = 2yh(y2, y) +

∫ y2

0
h′y(x, y)dx

=
2 ln

(
1 + y3

)
y

+

∫ y2

0

dx

1 + xy

=
2 ln

(
1 + y3

)
y

+
ln(1 + xy)

x

∣∣∣∣x=y2
x=0

=
2 ln

(
1 + y3

)
y

+
ln
(
1 + y3

)
y2

− y. (24)

·�I��Ñ§1n��ÒO�½È©
∫ y2
0

dx
1+xy�£5µdÈ©¢�×È©�ØK�¦

^�¼êO�¤§·�I�O��¼ê 1
1+xy'ugCþx��¼ê

ln(1+xy)
x §ù��È¼

êh(x, y)k¤ØÓ¶1o��ÒI�O��¼ê ln(1+xy)
x 3x = 0?��§^4��O

lim
x→0

ln(1 + xy)

x
= y. (25)

1.2 ¹ëCþÃ¡È©

¹ëCþÃ¡È©9Ù��Âñ�½ÂÚn)

b½��¼êg(x, y)3Ý/[1,+∞) × [c, d]½Â§éu�½�y ∈ [c, d]§'ugC

þx�Ã¡È©Âñ�

I(y) =

∫ +∞

1
g(x, y)dx. (26)

���È©�I(y)´'ugCþy�¼ê§¡�¹¹¹ëëëCCCþþþÃÃÃ¡¡¡ÈÈÈ©©©§¹ëCþÈ©�g

Cþy�¡�ëëëêêê"

��¹ëCþ�~È©�ïÄ�ª§·�g,F"�±òg(x, y)'uy�ëY!

��ÚÈ©�5��±D4�¼êI(y)",
¢Ã�´§duI(y)´Ã¡È©§ï
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ÄI(y)�5�¬k
E,"·�Jø�«n)À�µéu�½ëêy§�±òÃ¡È©

lÑ�ê�?ê

I(y) =

∫ +∞

1
g(x, y)dx ≈

∞∑
n=1

g(n, y) =
∞∑
n=1

gn(y), (27)

Ù¥·�Pgn(y) = g(n, y)��½n±y�gCþ���¼ê"3ù«lÑe§·�ò¹

ëCþ2ÂÈ©I(y)Cq�¼ê�?ê
∑∞

n=1 gn(y)�4�¼ê"duz��gn(y)Ñ´

ëY�§@o�Ñ4�¼ê
∑∞

n=1 gn(y)ëY�kû^�´¼ê�?ê���Âñ"aq

/§�·��ïÄ¹ëCþÃ¡È©I(y)�Â�g(x, y)¤äk�5�§Ò7L3z��

Ã¡È©
∫ +∞
1 g(x, y)dxé�½yÂñ�Ä:þ§½Âaq�/��Âñ05�"


)
/��Âñ0½Â�7�5§·�e¡��¼ê�?ê���Âñ5½Â

¹ëCþÃ¡È©���Âñ§·��Ñü«/��Âñ0�¢�Ñ´/Âñè/Ú

�0"éu�½ëêy§·�òÃ¡È©�¤4�/ª

I(y) = lim
X→∞

∫ X

1
g(x, y)dx, ∀y ∈ [c, d]. (28)

�,þã¼ê4�´3y ∈ [c, d]Å:¤á�§�´éuØÓy4�Âñ�Ý¿ØÚ�"

·�½Â¹ëCþÈ©�������ÂÂÂñññXeµXJéu∀ε > 0§�3�ëêyÃ'�~

êX0§¦�é��y ∈ [c, d]Ñk∣∣∣∣∫ +∞

X
g(x, y)

∣∣∣∣ =

∣∣∣∣I(y)−
∫ X

1
g(x, y)dx

∣∣∣∣ < ε, ∀X > X0 (29)

éu¹ëCþÃ¡È©
∫ +∞
1 g(x, y)dx5`§È©Cþx��u�ü
¼ê�?ê

∑∞
n=1 gn(y)�

�Âñ½Â¥�In�½Â§ëêy��u�ü
¼ê�?ê
∑∞

n=1 gn(y)��Âñ½Â

¥¼êgCþy�½Â"lù�À�w§ü«/��Âñ0�½Â´�����"

e¡·�lAÛ¿Â��Ýé¹ëCþÃ¡È©���Âñ�Ñ)ºµXã¤«§

�X > X0�§é��y ∈ [c, d]§�~È©X > X0�§È©3��:y ∈ [c, d]k��

/�à0�/Âñè/0"

��¼ê�?ê���Âñ§·���±�Ñ¹ëCþÃ¡È©��Âñ��ÜO

K

½½½nnn 5. ���¼êg(x, y)3Ý/[1,+∞)×[c, d]½Â�Ã¡È©I(y) =
∫ +∞
1 g(x, y)dxé

��y ∈ [c, d]Âñ§@oÃ¡È©I(y) =
∫ +∞
1 g(x, y)dx3[c, d]��Âñ�¿©7�^�

´§é∀ε > 0§�3�ëêyÃ'�~êX0§¦�é��y ∈ [c, d]Ñk∣∣∣∣∫ X2

X1

g(x, y)

∣∣∣∣ < ε, ∀X2 > X1 > X0 (30)
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¹ëCþÃ¡È©��Âñ5��O

�½¹ëCþÃ¡È©I(y) =
∫ +∞
1 g(x, y)dx§·�g,ØUÏ"�Jø½ÂÚ�

ÜOKÒ�OÙ��Âñ�Ä"·�ù�!Ò�Ñ�ä¹ëCþÃ¡È©�A½�{"

�dcaq§�ä¹ëCþÃ¡È©��ÂñÚØ��Âñ��{´ØÓ�"

��¼ê�?ê�r?ê�O{£�M�O{¤§·���±�Ñ¹ëCþÃ¡È

©��M�O{

½½½nnn 6. ���¼êg(x, y)3Ý/[1,+∞)×[c, d]½Â�Ã¡È©I(y) =
∫ +∞
1 g(x, y)dxé

��y ∈ [c, d]Âñ§XJ�3½Â3[a + ∞)�¼êM(x)¦�|g(x, y)| ≤ M(x)é�

�(x, y) ∈ [1,+∞) × [c, d]¤á§�Ã¡È©
∫ +∞
1 M(x)dxÂñ§@oÃ¡È©I(y) =∫ +∞

1 g(x, y)dx3[c, d]��Âñ"

é'¼ê�?ê
∑∞

n=1 gn(y)�r?ê�O{§·�´éÂñ?ê
∑∞

n=1Mn÷

v|gn(y)| ≤ Mné��y¤á"ò¼ê�?ê��InO��gCþx§·��Ïé�´

����¼êg(x, y)�Âñ¼êM(x)"3ù�À�e§ü��O{´���"

¹ëCþÃ¡È©�Ø��Âñ��O{¿Ø�¼ê�?ê@�{ü§vkAOÐ

�E|§·����U¦^½Â�_Ä·K�Oµ

½½½nnn 7. ���¼êg(x, y)3Ý/[1,+∞)×[c, d]½Â�Ã¡È©I(y) =
∫ +∞
1 g(x, y)dxé

��y ∈ [c, d]Âñ§XJ�3È©e�S�{Xn}+∞n=1÷vlimn→+∞Xn = +∞ÚëêS

�{yn} ∈ [c, d]¦�limn→+∞

∣∣∣∫ +∞
Xn

g(x, yn)dx
∣∣∣�0£S�uÑ½Âñ4��0¤§@oÃ

¡È©I(y) =
∫ +∞
1 g(x, y)dx3[c, d]Ø��Âñ"

�*5w§Ø��Âñ5��O�´ÏLÏé/³+�ê0�g´?1"éuz�

�n§XJ·�é���È©e�Xn=éA�ëê��yn ∈ [c, d]§O�È©�

In =

∣∣∣∣∫ +∞

Xn

g(x, yn)dx

∣∣∣∣ =

∣∣∣∣I(yn)−
∫ Xn

1
g(x, yn)dx

∣∣∣∣ . (31)

XJI(y) =
∫ +∞
1 g(x, y)dx��Âñ§@oÈ©InnA�XÈ©e�Xn�O�
Â

ñu0"XJIn4�Ø´0§`²�(½È©e�Xn�§�3öú¹ëCþÃ¡È

©
∫ Xn
1 g(x, y)dx�I(y)Âñ�ëê��yn§ùò»�¹ëCþÈ©��NÂñè/"

¢Sþ§ÏéXnÚyn�L§Ï~'�E,§þã½n���¦^�¹�(J"Ï

dy²Ø��Âñ�¯KÏ~¿ØN´"e¡�~Kæ^����{�EXnÚyn§´

I�Ýº�"

~~~ 4. �ëêd > c > 0§@o

1.3«my ∈ [c, d]y²¹ëCþÃ¡È©I(y) =
∫ +∞
0 ye−xydx��Âñ"

2.3«my ∈ (0, d]y²¹ëCþÃ¡È©I(y) =
∫ +∞
0 ye−xydxØ��Âñ"
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©Ûµ��Âñ�y²´��¦^�M�O{§JÝØ�'�IO"Ø��Âñ�

y²K´¦^����{�E»�Âñ�Ý�È©e�XnÚëêyn§ÌKg´´ÏL

����{ïÄ
∫ +∞
X ye−xydx��§±y²4��""duy²Ø��Âñ�K8JÝ

��§�Ýº�KÚ���~Kv
"

Proof. 1.¦^�M�O{µéu?¿y ∈ [c, d]k∣∣ye−xy
∣∣ ≤ de−cx. (32)

·�5¿�Ã¡È©
∫ +∞
1 de−cxdxÂñ§¤±Ã¡È©I(y) =

∫ +∞
0 ye−xydx3«my ∈

[c, d]��Âñ"

2.¦^½n7��{"�½È©e�X > 1§éÈ©
∫ +∞
X ye−xydx¦^��t = xy�∣∣∣∣∫ +∞

X
ye−xydx

∣∣∣∣ =

∫ +∞

X
ye−xydx =

∫ +∞

yX
e−tdt. (33)

éu�½X > 1·�k

lim
y→0+0

∫ +∞

yX
e−tdt =

∫ +∞

0
e−tdt = 1. (34)

�âþã©Û§�Xn = n§,��v
�C0�yn¦�È©∣∣∣∣∫ +∞

Xn

yne−xyndx

∣∣∣∣ =

∫ +∞

ynXn

e−tdt >
1

2
. (35)

duéu�½Xn4�(34)¤á§¤±yn�À�Ün"ÏdéuþãÀ��XnÚyn§È

©S�
∣∣∣∫ +∞
Xn

yne−xyndx
∣∣∣4�Ø´0"�â½n7§È©Ø��Âñ"

Dirichlet-Abel�O{

�¼ê�?ê��Âñ�Dirichlet-Abel�O{aq§XJ·�Uò¹ëCþÃ¡

È©�¤

I(y) =

∫ +∞

1
a(x, y)b(x, y)dx, (36)

·��±ÏLa(x, y)Úb(x, y)�gäk�5�5�äI(y)���Âñ5"·�ò�O�

¦�n3L�p"

�éþã�O{§·��Ñ�
�:º¦

� A^Dirichlet�O{ÚAbel�O{�OI(y) =
∫ +∞
1 g(x, y)dxÂñ5Äk��{


©g(x, y) = a(x, y)b(x, y)"

� Abel�O{'Dirichlet�O{éb(x, y)�¦�p§�éa(x)�¦�$§Ïd(Ø´

�Ó�"ly²5w§ü��O{ÑA^
AbelC�§Ïd´�d�"
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Dirichlet�O{ Abel�O{

a(x, y)
1.�½y ∈ [c, d]�§a(x, y)'uxüN

2.�x→ +∞�a(x, y)��Âñu0

1.�½y ∈ [c, d]�§a(x, y)'uxüN

2.a(x, y)'uy ∈ [c, d]��k.

b(x, y)
∫ X
1 b(x, y)dx'uy ∈ [c, d]��k.

∫ +∞
1 b(x, y)dx��Âñ

(Ø I(y) =
∫ +∞
1 a(x, y)b(x, y)dx��Âñ I(y) =

∫ +∞
1 a(x, y)b(x, y)dx��Âñ

� ·�dc�ÑL±[c, d]�½Â�¼êS�{an(y)}��k.�½Â§´��3

.M > 0¦�|an(y)| < Mé��n ∈ N∗Úy ∈ [c, d]¤á¶ò¼êS���

k.½Â¥�nO��x£½X¤§·�ò��a(x, y)£½
∫ X
1 b(x, y)dx¤��

k.�½Âµ�3.M > 0¦�|a(x, y)| < M£½
∣∣∣∫ X1 b(x, y)dx

∣∣∣ < M¤é�

�x > 1£½X > 1¤Úy ∈ [c, d]¤á"

� aq/§·���±�â¼êS�{an(y)}��Âñu0�½Âí2?¼êa(x, y)3x→

+∞���Âñu0�½Â§í2��ª�,´ò½Â¥�nO��xµé∀ε > 0§

�3X > 1¦�|a(x, y)| < εé��x > XÚy ∈ [c, d]¤á"

Dirichlet-Abel�O{�­��A^3DirichletÈ©§·�ò3e�!;�?Ø"Ø

d�	§dub�LuE,§Dirichlet-Abel�O{´éJ¦^�§Ï~�éAa'�

{ü�a(x, y)Úb(x, y)A^§~X

� �b(x, y) = b(x)§=�gCþyÃ'�§¹ëCþÈ©
∫ +∞
1 b(x, y)dx��Âñ��

uÃ¡È©
∫ +∞
1 b(x)dxÂñ§´N´�y�§¦^Abel�O{�~�B"

� �b(x, y) = sinxy£½b(x, y) = cosxyaq¤§Ù¥y ∈ [c, d]�ëêd > c > 0§È

©
∣∣∣∫ X1 sinxydx

∣∣∣ =
∣∣∣ cos y−cosXyy

∣∣∣ ≤ 2
c'uy��k.§d�¦^Dirichlet�O{�

~�B"

~~~ 5. ¦^Dirichlet-Abel�O{y²e�ü�¹ëCþÃ¡È©��Âñ

1.I(y) =
∫ +∞
0 e−x sinxy

x dx§Ù¥y ∈ [c,+∞)§ëêc > 0"

2.I(y) =
∫ +∞
0 e−xy cosx√

x
dx§Ù¥y ∈ [0,+∞)"

©Ûµ1�¯¥�3�sinxy§�Ä^Dirichlet�O{¶1�¯¥Ã¡È©
∫ +∞
0

cosx√
x

dxÂ

ñ§�Ä¦^Abel�O{"

Proof. 1.�b(x, y) = sinxy§@oa(x, y) = e−x

x "w,k
∫ X
1 b(x, y)dx'uy ∈ [c,+∞)�

�k.§·��I��ya(x, y)÷vDirichlet�O{�^�"

5¿�a(x, y) = e−x

x �yÃ'§Ïd�âlimx→+∞
e−x

x = 0Òka(x, y)��Âñ

u0¶d	a(x, y) = e−x

x 'uxüN4~§¦^a(x, y)÷vDirichlet�O{�^�§d

dI(y) =
∫ +∞
0 e−x sinxy

x dx��Âñ"
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2.�b(x, y) = cosx√
x
§@oa(x, y) = e−xy"^Ã¡È©�Dirichlet�O{§Ü©

È©
∫ X
1 cosxdxk.
 1√

x
üN4~Âñu0§¤±Ã¡È©

∫ +∞
0

cosx√
x

dxÂñÂñ"d

ub(x, y)Ø�6gCþy§¤±¹ëCþÈ©
∫ +∞
0 b(x, y)dx��Âñ"·��I��

ya(x, y)÷vAbel�O{�^�"

éu�½�y ≥ 0§¼êa(x, y) = e−xyw,üN4~§�|e−xy| ≤ 1é��x, y ≥

0§Ïda(x, y)��k.§÷vAbel�O{�^�§ddI(y) =
∫ +∞
0 e−xy cosx√

x
dx��Â

ñ"

¹ëCþÃ¡È©�5�

a'¼ê�?ê
∑∞

n=1 gn(y)§é¹ëCþÃ¡È©I(x) =
∫ +∞
1 g(x, y)dx§·��

�±òg(x, y)�ëY5!�ê!È©�5�D��4�I(x)"ù
½n/ªþ�¹ëC

þ�~È©�5�D4½naq§�´I�¹ëCþÃ¡È©���Âñb�"

Äk´ëY5�D4

½½½nnn 8. XJg(x, y)3Ý/[1,+∞)×[c, d]þëY§�¹ëCþÃ¡È©I(y) =
∫ +∞
1 g(x, y)dxéy ∈

[c, d]��Âñ§@oI(y)3[c, d]ëY"

�e5´½È©�D4

½½½nnn 9. XJg(x, y)3Ý/[1,+∞)× [c, d]þëY£5µëY%¹�È¤§�¹ëCþÃ

¡È©I(y) =
∫ +∞
1 g(x, y)dxéy ∈ [c, d]��Âñ§@oI(y)3[c, d]þ�È§½È©�÷

v ∫ d

c
I(y)dy =

∫ d

c

(∫ +∞

1
g(x, y)dx

)
dy =

∫ +∞

1

(∫ d

c
g(x, y)dy

)
dx. (37)

�*5w§ª(37)�~�C\gÈ©��S§ØÓ:þª(37)´ò¹ëCþÃ

¡È©��~È©�S�¹ëCþ�~È©�Ã¡È©§¿�ª(37)¤á�cJ�

¦I(y) =
∫ +∞
1 g(x, y)dxéy ∈ [c, d]��Âñ"

½È©D4½n9�A^´E,Ã¡È©�O�§=ÄkòÃ¡È©
∫ +∞
1 f(x)dx�

¤\gÈ©
∫ +∞
1

(∫ d
c g(x, y)dy

)
dx�/ª§2/Ïª(37)éÈ©�SO�"~X��~

K�¦O�

I =

∫ +∞

0

e−ax
2 − e−bx

2

x2
dx, (38)

Ù¥b > a > 0"�È¼ê�©faqÚî4ÙZ]úª�¼ê�~�/ª§·�dd

�E ∫ b

a
e−x

2ydy = − e−x
2y

x2

∣∣∣∣∣
y=b

y=a

=
e−ax

2 − e−bx
2

x2
, (39)
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,��âª(37)��È©^S∫ +∞

0

(∫ b

a
e−x

2ydy

)
dx =

∫ b

a

(∫ +∞

0
e−x

2ydx

)
dy, (40)

d�S�Ã¡È©
∫ +∞
0 e−x

2ydx´�±wªO��"��5¿�´§þãÈ©�S¤

á�cJ´¹ëCþÃ¡È©
∫ +∞
0 e−x

2ydx3y ∈ [a, b]��Âñ§ù�y²��¦^

�M�O{=�"

e¡�~K�´þãO��{�¢�§¿(Ü
þ�ÙÃ¡È©��{�g´µ

~~~ 6. �ëêa > 0§|^È©
∫ a
0

dy
1+x2y2

= arctan(ax)
x §O�Ã¡È©I =

∫ +∞
0

arctan(ax)
x(1+x2)

dx"

©Ûµ|^K¡�J«§�±ò�È¼êarctan(ax)
x(1+x2)

�¤È©�/ª§,���È©

^SO�"ØL��5¿�´�È¼ê¥õÑ5�1 + x2���?n�{"

Proof. |^È©
∫ a
0

dy
1+x2y2

= arctan(ax)
x §·�ò�È¼ê�¤

arctan(ax)

x (1 + x2)
=

1

1 + x2

(∫ a

0

dy

1 + x2y2

)
=

∫ a

0

dy

(1 + x2) (1 + x2y2)
. (41)

,�

I =

∫ +∞

0

arctan(ax)

x (1 + x2)
dx =

∫ +∞

0

(∫ a

0

dy

(1 + x2) (1 + x2y2)

)
dx. (42)

·�F"�âª(37)È©�S∫ +∞

0

(∫ a

0

dy

(1 + x2) (1 + x2y2)

)
dx =

∫ a

0

(∫ +∞

0

dx

(1 + x2) (1 + x2y2)

)
dy. (43)

,
ª(43)I�y²¹ëCþÃ¡È©
∫ +∞
0

dx
(1+x2)(1+x2y2)

3y ∈ [0, a]��Âñ§ù�y

²¦^�M�O{ ∣∣∣∣ 1

(1 + x2) (1 + x2y2)

∣∣∣∣ ≤ 1

1 + x2
, (44)



∫ +∞
0

dx
1+x2
Âñ"u´ª(43)¤á"

�e5·��O�Ã¡È©
∫ +∞
0

dx
(1+x2)(1+x2y2)

"�y 6= 1�§�È¼ê 1
(1+x2)(1+x2y2)

�

¼ê�±O�

1

(1 + x2) (1 + x2y2)
=

y2

y2 − 1

(
1

1 + x2y2
− 1

y2 + x2y2

)
. (45)

dd ∫ +∞

0

dx

(1 + x2) (1 + x2y2)
=

y2

y2 − 1

[∫ +∞

0

dx

1 + x2y2
−
∫ +∞

0

dx

y2 + x2y2

]
=

y2

y2 − 1

(
π

2y
− π

2y2

)
=

π

2(y + 1)
. (46)
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�y = 1�ØJO�
∫ +∞
0

dx
(1+x2)2

= π
4§¤±é��y > 0k∫ +∞

0

dx

(1 + x2) (1 + x2y2)
=

π

2(y + 1)
. (47)

�\ª(43)�

I =

∫ a

0

π

2(y + 1)
dy =

π ln(1 + a)

2
. (48)

��´��5Ú�ê�D4

½½½nnn 10. XJg(x, y)Ú �êg′y(x, y)3Ý/[1,+∞) × [c, d]þëY§¹ëCþÈ

©I(y) =
∫ +∞
1 g(x, y)dxÅ:Âñ§�¹ëCþÃ¡È©

∫ +∞
1 g′y(x, y)dxéy ∈ [c, d]��

Âñ§@oI(y)3[c, d]þ��§¿�

I ′(y) =

∫ +∞

1
g′y(x, y)dx. (49)

�¼ê�?ê��5D4½naq§¹ëCþÃ¡È©I(y) =
∫ +∞
1 g(x, y)dx¿Ø

I������Âñ§
´I� �ê¹ëCþÃ¡È©
∫ +∞
1 g′y(x, y)dx��Âñ"

��5D4�A^�¹ëCþ�~È©éaq§éu,�Ã{wªO��Ã¡

È©I(y) =
∫ +∞
1 g(x, y)dx§·��±ÏLO� �êÈ©I ′(y) =

∫ +∞
1 g′y(x, y)dx§,

�dI ′(y)�íÑI(y)"ù�g´�­��A^´DirichletÈ©
∫ +∞
0

sinx
x dx�O�§3e

�!·�¬�[?Ø"ù�Ü©·��Ñ,��~K§Ùg´�´ÏLO�I ′(y)�

ÑI(y)"

~~~ 7. O�¹ëCþÃ¡È©I(y) =
∫ +∞
0 e−x sinxy

x dx�wªL�ª§Ù¥y ∈ [0,+∞)"

©Ûµ3~5¥·�QÏLDirichlet�O{y²I(y)3y ∈ [c,+∞)��Âñ§Ù

¥c > 0´��~ê§�âëY5�D4·�g,��I(y)3[c,+∞)ëY"3dÄ:

þ§·�ÏLwªO�I ′(y)��ª�íI(y)"

Proof. P�È¼êg(x, y) = e−x sinxy
x §@o �êg

′
y(x, y) = e−x sinxy§·�I�¹ë

CþÈ©
∫ +∞
0 g′y(x, y)dx���Âñ±(�I(y)��"·�k

∣∣e−x sinxy
∣∣ ≤ e−x, (50)


Ã¡È©
∫ +∞
0 e−xdxÂñ§¤±¹ëCþÈ©

∫ +∞
0 g′y(x, y)dx��Âñ"�â¦�{

K

I ′(y) =

∫ +∞

0
e−x sinxydx. (51)
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3þþ�Ø½È©ùÂ¥§·�Q²ïÄL/X
∫

ex sinxdxÚ
∫

ex cosxdx§�{´©

ÜÈ©{"�y > 0�§·�éI ′(y)÷^©ÜÈ©

I ′(y) =

∫ +∞

0
e−x sinxydx

= − e−x

y
cosxy

∣∣∣∣x=+∞

x=0

− 1

y

∫ +∞

0
e−x cosxydx

=
1

y
− 1

y2
e−x sinxy

∣∣∣∣x=+∞

x=0

− 1

y2

∫ +∞

0
e−x sinxydx

=
1

y
− 1

y2

∫ +∞

0
e−x sinxydx, (52)

Ù¥¦^
limx→+∞
e−x

y cosxy = limx→+∞
e−x

y2
sinxy = 0"¦)��∫ +∞

0
e−x sinxydx =

y

y2 + 1
. (53)

(ÜI ′(0) = 0§·���I ′(y) = y
y2+1
§�âØ½È©∫

y

y2 + 1
dy =

1

2
ln
(
y2 + 1

)
+ C. (54)

qI(y)3[0,+∞)��Ï
ëY§��\�I(0) = 0§ddC = 0§��I(y) = 1
2 ln

(
y2 + 1

)
"

1.3 �
;K?Ø

ïÄ¹ëCþÈ©�Ì��^´O�E,½È©£AO´Ã¡È©¤��§Ù¥Ä

�ÙÀ�Ò´þ�Ù?Ø�GaussÈ©
∫ +∞
0 e−x

2
dx =

√
π
2 Ú�e5�?Ø�DirichletÈ

©
∫ +∞
0

sinx
x dx = π

2"Ù¥DirichletÈ©Ny
¹ëCþÈ©O�E,½È©�Ä�g

´µ�E���DirichletÈ©�C�¹ëCþÈ©§,�|^¹ëCþÈ©�óä�Ñ

È©�L�ª§���\�ÑÈ©��"d	§�!�9�Γ¼êÚB¼ê�´üa­

��¹ëCþÈ©§¦�kX´L�¹Â§3O�È©�´kAÏd�"

�!·�ÄkXÚ0�DirichletÈ©�O��{§,�0�Γ¼êÚB¼ê��'

A^§��é�«E,½È©ÚÃ¡È©��{?�Úo("

DirichletÈ©

DirichletÈ©´�

I =

∫ +∞

0

sinx

x
dx =

π

2
. (55)

�È¼ê sinx
x �,3x = 0vk½Â§�´limx→0+0

sinx
x = 1`²�È¼êk.§¤

±x = 0Ø´×:"DirchletÈ©��Ã¡È©�Âñ5�±^Dirichelt�O{��y

²"
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{¤þDirichletÈ©��39�§!Fp�©Û�+�kéõA^§<��ïÄ


õ«O�DirichletÈ©��{"3p�êÆ��Æp§·��I�Ýº¹ëCþÃ¡È

©�O��{"

O�DirichletÈ©��{´�E��¹ëCþÃ¡È©

I(y) =

∫ +∞

0
e−xy

sinx

x
dx. (56)

�½y = 0�þã¹ëÈ©�uDirichletÈ©§=I(0) = I"¦þ�¼êe−xy¡�

ÂÂÂñññÏÏÏfff§Ï�¦þù�Ïf���¹ëCþÈ©I(y)éy ∈ [0,+∞)´��Â

ñ�"��Âñ�y²�{´ÏLAbel�O{§g´�~K5�1�¯aqµ

�a(x, y) = e−xyÚb(x, y) = sinx
x §�±y²

∫ +∞
0

sinx
x dx��Âñ£Ø�6gCþy¤

Úe−xy'uxüN���k."ddI(y)éy ∈ [0,+∞)´��Âñ�§·���±�

ÑI(y)3[0,+∞)ëY�(Ø"

·��ÌKg´�~7����µÏLO�I ′(y)5�íI(y)§I ′(y)�O��ª�´

ÏL¹ëCþÃ¡È©�¦�úª(49)"�´äN[!'~7�\E,"

·�ÄkØJ�yI(y)´Å:Âñ�§·��I��y �ê�¹ëCþÈ

©
∫ +∞
0 e−xy sinxdx´��Âñ�µéëêc > 0§éy ∈ [c,+∞)?Ø

∫ +∞
0 −e−xy sinxdx�

��Âñ5§|^�M�O{ ∣∣e−xy sinx
∣∣ ≤ e−cx, (57)



∫ +∞
0 e−cxdxÂñ§¤±¹ëCþÃ¡È©

∫ +∞
0 −e−xy sinxdxéy ∈ [c,+∞)��Â

ñ§?�ÚI(y)3[c,+∞)��"lùp�±w�§ÂñÏféu �ê¹ëCþÈ©

��^(�
��Âñ5"

�Ä�c�?¿5§���´Å:½Â�§·���I(y)3(0,+∞)���5§¿�

I ′(y) =

∫ +∞

0
−e−xy sinxdx, y > 0. (58)

|^aq~K7�©ÜÈ©{§�±O�ÑI ′(y) = − 1
1+y2
§¤±

I(y) = − arctan y + C, y > 0, (59)

Ù¥C�ëê"@oXÛO�ëêCQº·�¦^Y%�n��I(y)��µéy > 0k

0 ≤ |I(y)| ≤
∫ +∞

0

∣∣∣∣e−xy sinx

x

∣∣∣∣dx ≤ ∫ +∞

0
e−xydx ≤ 1

y
, (60)

�y → +∞klimy→+∞ I(y) = 0"�Ä�L�ªI(y) = − arctan y + C§)�C = π
2"Ï

d

I(y) = − arctan y +
π

2
, y > 0. (61)

��/ÏI(y)3:y = 0�ëY5§��I(0) = π
2"
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·�òDirichletÈ©�O�g´o(Xe

1.�E¹ÂñÏf�È©I(y) =
∫ +∞
0 e−xy sinxx dx"

2.|^½n10�Ñ�êI ′(y) =
∫ +∞
0 −e−xy sinxdxéy > 0¤á"

3.�âI ′(y) = arctan y�íI(y) = − arctan y + Céy > 0¤á"

4.|^Y%�n(60)�Ñ~êC = π
2"

5.|^I(y)3y = 0�ëY5O�ÑI(0) = π
2"

3DirichletÈ©Ä:þ����±��2ÂDirichletÈ©µéa > 0§���t =

ax� ∫ +∞

0

sin(ax)

x
dx =

∫ +∞

0

sin t

t
dt =

π

2
. (62)

XJa < 0§|^�u¼ê�Û¼ê5�∫ +∞

0

sin(ax)

x
dx = −π

2
. (63)

éu�
E,�Ã¡È©§·��±òÙ=z�DirichletÈ©§|^DirichletÈ©

��O�Ù�µ

~~~ 8. O�Ã¡È©I =
∫ +∞
0

sin2 x
x2

dx"

©ÛµòE,È©z�²;È©£GaussÈ©/DirichletÈ©¤´�©;.�?n�

{§=z�L§Ï~¦^©ÜÈ©½��{"

Proof. 5¿�dx
x2

= d
(
− 1
x

)
§|^©ÜÈ©{

I =

∫ +∞

0

sin2 x

x2
dx = − sin2 x

x

∣∣∣∣x=+∞

x=0

+

∫ +∞

0

2 sinx cosx

x
dx. (64)

dulimx→0+0
sin2 x
x = 0§Ïd|^2ÂDirichletÈ©úª(62)��

I =

∫ +∞

0

sin 2x

x
dx =

π

2
. (65)

Γ¼êÚB¼ê

Γ¼êÚB¼ê´üaAÏ�¹ëCþ2ÂÈ©§NõE,È©Ñ�±=��Γ¼ê

ÚB¼ê�/ª§,��âΓ¼êÚB¼êAk�O�úªO�Ù�"

Γ¼ê´�eã¹ëCþÈ©µëêa > 0k

Γ(a) =

∫ +∞

0
xa−1e−xdx. (66)
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�a < 1�§x = 0´Γ(a)�×:§d�Γ(a)´Ã¡×È©¶�a ≥ 1�§x = 0Ø

´Γ(a)�×:"

éu�õêa§Γ(a)ÑØ�±���Ñ5§�´·��±ÏL©ÜÈ©{í

�Γ(a)�4íª

Γ(a+ 1) = aΓ(a), a > 0. (67)

/ÏΓ(1) = 1§·�éN´íÑa��ê�Γ(a)��

Γ(n+ 1) = n!, n ∈ N. (68)

,��­��Γ¼ê��Γ(12) =
√
π§Ù��±ÏLGauss È©O�

Γ(a) =

∫ +∞

0

e−x√
x

dx = 2

∫ +∞

0
e−t

2
dt =

√
π, (69)

Ù¥1���ª|^
��t =
√
x"|^4íª(67)§·���±O�ÑΓ¼ê3��

ê?���§XΓ(32),Γ(52)�"

éuÙ¦Γ¼ê���§XΓ(34)�§·�ÑØU��O�Ù��"�´duΓ¼ê

3¢SA^�­�5§éõÈ©�ªÑ¬z¤Γ¼ê�/ª§ÏdØ�ó§Ö7�N¹

¬��Γ¼ê�L§JøΓ¼ê��Cq�±ø�é"

B¼ê´�eã¹ëCþÈ©µëêp, q > 0k

B(p, q) =

∫ 1

0
xp−1(1− x)q−1dx. (70)

�p < 1�§x = 0´B¼ê×:¶�q < 1�§x = 1´B¼ê×:"

�p, q´��ê�§B(p, q)�È¼ê�õ�ª§¤±È©�w,�±��O�"

�p, qØ´�ê�§B(p, q)��Ï~Ã{O�"�Γ¼ê�4íúªaq§·���±�

�B¼ê�­�úªµÄk´é¡úª§/Ï½È©��{éN´�y

B(p, q) = B(q, p), (71)

,��K´ïáB¼êÚΓ¼ê'X�úª

B(p, q) =
Γ(p)Γ(q)

Γ(p+ q)
. (72)

Xþ¤ã§Γ¼êÚB¼ê3¢SO�¥�A^´òE,�È©ÏL��½©Ü

È©=z�Γ¼ê½B¼ê�/ª§,�|^4íúª(67)½=�úª(72)O�Γ¼ê

½B¼ê��"Xeã~Kµ

~~~ 9. O�e�ü�2ÂÈ©��

1.I1 =
∫ +∞
0

√
xe−xdx.

2.I2 =
∫ 1
0

dx√
x(1−x)

.
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©Ûµü�È©Ñ�±���¤Γ¼ê½B¼ê�/ª§|^4íúª(67)½=�

úª(72)O�Ù�",��¡§ùa¯KÏ~��±7LΓ¼ê½B¼ê�/ª��{

)�"

Proof. 1.=�{1µ^Γ¼ê>|^4íúª

I1 =

∫ +∞

0

√
xe−xdx = Γ(

3

2
) =

1

2
Γ(

1

2
) =

√
π

2
. (73)

=�{2µ|^��{Ú©ÜÈ©>k^��t =
√
xz{�È¼ê

I1 =

∫ +∞

0

√
xe−xdx = 2

∫ +∞

0
t2e−t

2
dt. (74)

2^©ÜÈ©{òþãÈ©=z�GaussÈ©

2

∫ +∞

0
t2e−t

2
dt = − te−t2

∣∣∣t=+∞

t=0
+

∫ +∞

0
e−t

2
dt =

√
π

2
. (75)

2.=�{1µ^B¼ê>|^=�úª(72)

I2 =

∫ 1

0

dx√
x(1− x)

= B(
1

2
,
1

2
) =

Γ(12)Γ(12)

Γ(1)
= π. (76)

=�{2µ|^��{>�
z{�È¼ê©1��Ò§¦^��x = sin2 t�

I2 =

∫ 1

0

dx√
x(1− x)

=

∫ π
2

0

2 sin t cos tdt

sin t cos t
= 2

∫ π
2

0
dt = π. (77)

E,È©�O�o(

ùü!¥§·�ÆS
NõO�E,½È©½2ÂÈ©���{§ù
�{/Ï


·�ÆS�2ÂÈ©Ú¹ëCþÈ©��£"·�ùpéÑá3ùüÙ�ÃõE|?1

o("

1. |||^̂̂~~~555���{{{OOO���222ÂÂÂÈÈÈ©©© ùp�~5�{Ì�´�2ÂÈ©�Úî4ÙZ]

úª!��{Ú©ÜÈ©{§Ù/ªÚg´��~È©��/��§�I�3Ã

¡:Ú×:�Ñ{ü?n=�"32ÂÈ©ùÂ¥·�k�[`²§­�~K�

)µ
∫ +∞
1

arctanx
x3

dx§
∫ +∞
0 ex sinxdxÚ

∫ 1
0

dx√
x(1−x)

�"

2. ===zzz���GaussÈÈÈ©©©½½½DirichletÈÈÈ©©© ¦^��{½©ÜÈ©{ò��È©=z

�GaussÈ©½DirichletÈ©O���{§­�~K�)
∫ +∞
0

sin2 x
x2

dxÚ
∫ +∞
0

e−x√
x

dx�"
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3. ///ÏÏÏ¹¹¹ëëëCCCþþþÈÈÈ©©©¦¦¦���{{{KKK ùa¯KO��é��¹ëCþÈ©I(y) =∫ b
a g(x, y)dx§Ù¥È©þ�b�±�Ã¡È©§éA�¹=�¹ëCþÃ¡È

©"ùa¯KÏ~ÏLO�I ′(y) =
∫ b
a g
′
y(x, y)dx§,�dI ′(y)�íÑI(y)"�

�5¿�´§�I(y)�¹ëCþÃ¡È©�§I ′(y)�O��6
∫ b
a g
′
y(x, y)dx�

��Âñ5£½n10¤§I�Jc�y"­�~K�)�ÙùÂ�~K2!~

K7ÚDirichletÈ©�O��{"

4. ///ÏÏÏ¹¹¹ëëëCCCþþþÃÃÃ¡¡¡ÈÈÈ©©©���ÈÈÈ©©©���SSS{{{KKK ùa¯KO�é��Ã¡È©I =∫ +∞
0 f(x)dx§�f(x)�©f~~k~{/ª"ÏLòf(x)�¤f(x) =

∫ d
c g(x, y)dy�

�{§·�A^È©�S��{

I =

∫ +∞

0
f(x)dx =

∫ +∞

0

(∫ d

c
g(x, y)dy

)
dx =

∫ d

c

(∫ +∞

0
g(x, y)dx

)
dy, (78)

kO�S�¹ëCþÃ¡È©§�O�	���~È©"ùa�{�·�3­

È©�ÙÆS��~È©\gÈ©�S�{aq§�´I�u�¹ëCþÃ¡

È©
∫ +∞
0 g(x, y)dx���Âñ5"²;~K�)��SK

∫ +∞
0

e−ax
2−e−bx2

x2
dx(b >

a > 0)Ú~K6"

5. |||^̂̂Γ¼¼¼êêêÚÚÚB¼¼¼êêê òE,�È©�¤Γ¼ê½B¼ê�/ª§,�/Ï4íú

ª(67)½=�úª(72)O�Γ¼ê½B¼ê��"Ì�~K´~K9"

2 *Ðò�

2.1 *ÐKVA

*Ðò�KÜ©JÝ��§ïÆ�âK8SNÀJ5�Ö"

� *ÐSK1µ¥�JÝ§\ré¹ëCþC�È©¦�úª(22)�n)"

� *ÐSK2µ¥�JÝ§\ré¹ëCþÃ¡È©Ø��Âñ�©ÛUå"

� *ÐSK3µ¥�JÝ§\réu4íúª(67)½=�úª(72)O��{�n)"

� *ÐSK4µp�JÝ§��E,�½È©©ÛE|"

� *ÐSK5µp�JÝ§¹ëCþÃ¡È©��Âñ�ÜOK�A^"

� Ö¿SK1µ¥�JÝ§~K2){�¢�§O�þ��"

� Ö¿SK2µ{üJÝµ~K9){�¢�"

� Ö¿SK3µ¥�JÝ§*ÐSK3){�¢�"

� Ö¿SK4µ¥�JÝ§*ÐSK4){�¢�"
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2.2 *ÐSK

KKK 1. �¼êf(s, t)3R2ëY§�F (x) =
∫ x2
x ds

∫ x
s f(s, t)dt§¦F ′(x)"

©Ûµ�K´V��¹ëCþÈ©µ	�´±x�ëê§±s�È©Cþ�¹ëCþ

C�È©¶S�´±s, x�ëê§±t�È©Cþ�¹ëCþC�È©"

Proof. ½ÂS��C�È©G(s, x) =
∫ x
s f(s, t)dt´±s, t�ëê���¹ëCþC�È

©§@oC�È©F (x) =
∫ x2
x G(s, x)ds"·��âúªO�

F ′(x) = −G(x, x) + 2xG(x2, x) +

∫ x2

x
G′x(s, x)ds. (79)

�â½ÂG(x, x) = 0§·���O�G′x(s, x)"duG′x(s, x)´ �ê"·��½gC

þsé¹ëCþC�È©G(s, x) =
∫ x
s f(s, t)dt¦�§d��È¼êf(s, t)�ëêxÃ'§

¤±G(s, x) =
∫ x
s f(s, t)dt´'ux�C�È©§Ïd

G′x(s, x) = f(s, x). (80)

nþ

F ′(x) = 2x

∫ x

x2
f(x2, t)dt+

∫ x2

x
f(s, x)ds. (81)

KKK 2. �ëêA > 0§�Ä¹ëCþÃ¡È©I(y) =
∫ +∞
0 e−xy sinxdx§y²µ

1.I(y)3y ∈ [A,+∞)��Âñ"

2.I(y)3y ∈ [0,+∞)Ø��Âñ"

©Ûµ1�¯���Âñ�±^�M�O{�´y²¶1�¯�Ø��Âñ'

�æ�§ÌKg´�´¦^½n7��{�EÈ©e�XnÚéAëêyn§�´éuÈ

©
∣∣∣∫ +∞
Xn

e−xy sinxdx
∣∣∣��O'�æ�§ùp·�æ^��O�È©∫ +∞

Xn
e−xy sinxdx�

��{"

Proof. 1.^�M�O{

∣∣e−xy sinx
∣∣ ≤ e−Ax, x ∈ [0,+∞), y ∈ [A,+∞). (82)

duÈ©
∫ +∞
0 e−AxdxÂñ§¤±I(y)3y ∈ [A,+∞)��Âñ"

2.·���ÏL©ÜÈ©��{O�Ü©È©IX(y) =
∫ +∞
X e−xy sinxdx��§�
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{�~K7�~aqµ

IX(y) =

∫ +∞

X
e−xy sinxdx

= −e−xy cosx
∣∣x=+∞
x=X

− y
∫ +∞

X
e−xy cosxdx

= e−Xy cosX + ye−xy sinx
∣∣x=+∞
x=X

− y2
∫ +∞

X
e−xy sinxdx

= e−Xy (cosX − y sinX)− y2IX(z), (83)

¤±

IX(y) =
e−Xy (cosX − y sinX)

y2 + 1
. (84)

�â½n7§�
��Ø��Âñ�(Ø§·�I��EÈ©e�XnÚéA

ëêyn§¦�|IXn(yn)|�'��§=limn→∞ IXn(yn)Ø´0"·��Xn = 2nπ§d

�sinXn = 0�

IXn(y) =
e−Xny

y2 + 1
. (85)

2�yn = 1
Xn
∈ (0,+∞)§@o

|IXn(yn)| =
∣∣∣∣ e−1

y2 + 1

∣∣∣∣ ≥ 1

2e
, (86)

ddlimn→∞ IXn(yn)Ø´0§�â½n7�ÑI(y)3y ∈ [0,+∞)Ø��Âñ"

KKK 3. £�e�¯Kµ

1.�p, q > 0§y²B(p, q) = 2
∫ π

2
0 cos2p−1 t sin2q−1 tdt"

2./ÏΓ¼êL«Ño�¥x2 + y2 + z2 + w2 ≤ 1��"

©Ûµ�K�1�¯´B¼ê�n�¼êLÑ§´�~­��(Ø§|^1�¯�

±{ü��Ño�¥N�NÈ"

Proof. 1.Äk

B(p, q) =

∫ 1

0
xp−1(1− x)q−1dx. (87)

���x = sin2 t§@odx = 2 sin t cos tdt§dd

B(p, q) =

∫ π
2

0
sin2p−2 t cos2q−2 t (2 sin t cos t) dt = 2

∫ π
2

0
cos2p−1 t sin2q−1 tdt. (88)

�(ØkÃõA^"~X3­È©O�¥�~­��ü�n�¼ê½È©In =∫ π
2
0 sinn tdtÚJn =

∫ π
2
0 cosn tdtk

In =
1

2
B(

n+ 1

2
,
1

2
) =

1

2
B(

1

2
,
n+ 1

2
) = Jn. (89)

21



¿�·���±/Ï=�úª(72)O�ù
B¼ê��"

2.·�I�O�o­È©

V =

∫ ∫ ∫ ∫
1dxdydxdw. (90)

,��Ño�¥�I��úª

x = r cos θ1,

y = r sin θ1 cos θ2,

z = r sin θ1 sin θ2 cos θ3,

z = r sin θ1 sin θ2 sin θ3,

(r, θ1, θ2, θ3) ∈ [0, 1]× [0, π]× [0, π]× [0, 2π], (91)

þã��úª´��n�¥�IC�úª���"O�ä�'1�ª

∂(x, y, z, w)

∂(r, θ1, θ2, θ3)
= r3 sin2 θ1 sin θ2. (92)

¤±

V =

∫ ∫ ∫ ∫
1dxdydxdw

=

(∫ 1

0
r3dr

)(∫ π

0
sin2 θ1dθ1

)(∫ π

0
sin θ2dθ2

)(∫ 2π

0
1dθ3

)
=

1

4
×
(
B(

3

2
,
1

2
)

)
×
(
B(1,

1

2
)

)
× (2π). (93)

O�

B(
3

2
,
1

2
) =

Γ(32)Γ(12)

Γ(2)
=
π

2
, (94)

Ú

B(1,
1

2
) =

Γ(1)Γ(12)

Γ(32)
= 2. (95)

ddV = π2

2 "

KKK 4. �f(x)3[0, 1]ëY§�ÄI(y) =
∫ 1
0

yf(x)
x2+y2

dx§y²

1.I(y)3y ∈ (0, 1]ëY"

2.I(y)3y = 0mëY�¿©7�^�´f(0) = 0"

©Ûµ-g(x, y) = yf(x)
x2+y2

§XJg(x, y)3(x, y) ∈ [0, 1]× [0, 1]äkëY5§Ò�±�

â¹ëCþ�~È©�5�òëY5D4�I(y)",
¯K�'�´§g(x, y)3(0, 0):

vk½Â§¦^g(x, y)�ëY5�7L7mvk½Â�:(0, 0)"·��K�ö�Ñ´�


;�vk½Â�:(0, 0)E¤�K�"
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Proof. 1.-g(x, y) = yf(x)
x2+y2

"Äk·�?ØI(y)3y ∈ (0, 1]�ëY5§�I�y

²I(y)3z�:y0 > 0ëY"

Äkg(x, y)3:(x, y) ∈ [0, 1]× [y02 , 1]äk��ëY5§¤±I(y)3«my ∈ [y02 , 1]ë

Y§Ïd3:y0ëY"duy0�?¿5§��I(y)3y ∈ (0,+∞)z�:ÑëY"

2.�½y = 0�§g(x, 0)3x 6= 0�z��:Ñ�0§¤±I(0) =
∫ 1
0 g(x, 0)dx = 0"

·�I�?Ø�´Û�limy→0+0 I(y) = 0"

ïÄ4�limy→0+0 I(y)´Ã{{ü/òÈ©ÒÚ4�Ò�S�§ïÄ��{´'�

äkE|5�"�½y ∈ (0, 1]§·�òÈ©I(y)
©�üÜ©

I(y) =

∫ 1

0

yf(x)

x2 + y2
dx =

∫ 3
√
y

0

yf(x)

x2 + y2
dx+

∫ 1

3
√
y

yf(x)

x2 + y2
dx. (96)

�Xy�C0§c�ãÈ©�È©«mÅì~�§��ãÈ©�È©«mÅìO�"·�

©O�OüãÈ©µ1�ãÈ©æ^½È©¥�½n

I1(y) =

∫ 3
√
y

0

yf(x)

x2 + y2
dx = f(ξ)

∫ 3
√
y

0

y

x2 + y2
dx = f(ξ) arctan

3
√
y

y
, (97)

Ù¥ξ ∈ [0, 3
√
y]§@olimy→0+0 I1(y) = πf(0)

2 "1�ãÈ©�±��� §duf(x)3[0, 1]ë

Y§b½f(x)k.|f(x)| ≤M§@o
∣∣∣ yf(x)x2+y2

∣∣∣ ≤ yM

y2+y
2
3
§Ïd

|I2(y)| =

∣∣∣∣∣
∫ 1

3
√
y

yf(x)

x2 + y2
dx

∣∣∣∣∣ ≤ yM

y2 + y
2
3

, (98)

�y → 0 + 0klimy→0+0 I2(y) = 0"nþ©Ûk

lim
y→0+0

I(y) =
πf(0)

2
. (99)

(ÜI(0) = 0§��I(y)3y = 0këY�¿©7�^�´f(0) = 0"

KKK 5. �f(x)3[0,+∞)ëY§y²
∫ +∞
0 f(x)dxÂñ�¿©7�^�´¹ëCþÃ¡È

©I(y) =
∫ +∞
0 e−xyf(x)dx3y ∈ (0,+∞)��Âñ"

©Ûµ�K�y²¥§l
∫ +∞
0 f(x)dxÂñíI(y)��¦^¹ëCþÃ¡È©

�Abel�O{¶���y²'�æ�§I�/Ï�ÜOK��y{§·�¬3y²L§

¥©Û¯K�J:"

Proof. ��¡§XJ
∫ +∞
0 f(x)dxÂñ§@ow�±y�ëê�¹ëCþÃ¡È©

k
∫ +∞
0 f(x)dx��Âñ"
©a(x, y) = e−xyÚb(x, y) = f(x)§ù��
©�y


b(x, y)÷v
∫ +∞
0 b(x, y)dx3y ∈ (0,+∞)��Âñ§a(x, y)÷v'uxüN4~��

�k.§^Abel�O{kI(y) =
∫ +∞
0 e−xyf(x)dx3y ∈ (0,+∞)��Âñ"
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,��¡§·�b½I(y) =
∫ +∞
0 e−xyf(x)dx3y ∈ (0,+∞)��Âñ§��y

²
∫ +∞
0 f(x)dxÂñ"��g,��{´§XJ�±y²

lim
y→0+0

∫ +∞

0
e−xyf(x)dx =

∫ +∞

0

(
lim

y→0+0
e−xyf(x)dx

)
=

∫ +∞

0
f(x)dx, (100)

Òg,
∫ +∞
0 f(x)dxÂñ"ù��{�J:3uI(y)=3y ∈ (0,+∞)��Âñ§·�Ã

{òëY5D4�y = 0?§g,�Ø�±?Ølimy→0+0 I(y)��/"�
;�ù�¯

K§·��Äò¹ëCþÃ¡È©=z�¹ëCþ�~È©?Ø§Ï�¹ëCþ�~È

©ëY5�?ØØ�6��Âñ�5�"

·�^�y{§XJ
∫ +∞
0 f(x)dxØÂñ§@o�â�ÜOK§�3X2 > X1 >

0Úε > 0¦� ∣∣∣∣∫ X2

X1

f(x)dx

∣∣∣∣ > ε. (101)

-g(x, y) = f(x)e−xy§@og(x, y)3(x, y) ∈ [X1, X2] × [0,+∞)ëY"|^¹ëCþ�

~È©�(Ø§�±òÈ©ÒÚ4�Ò�S

lim
y→0+0

∫ X2

X1

f(x)e−xydx =

∫ X2

X1

f(x)dx. (102)

|^4��5�§�3v
��y0 > 0¦�∣∣∣∣∫ X2

X1

f(x)e−xy0dx

∣∣∣∣ > ε

2
, (103)

�â¹ëCþÃ¡È©��ÜOK§ª(102)`²¹ëCþÃ¡È©I(y) =
∫ +∞
0 e−xyf(x)dx3y ∈

(0,+∞)Ø��Âñ"

2.3 °ÀÖ¿SK

ÖÖÖ 1. O�¹ëCþÈ©
∫ 1
0

ln(1+αx)
1+x2

dx§Ù¥ëêα ≥ 0"dd�±O�½È©
∫ 1
0

ln(1+x)
1+x2

dx§

dc·�QÏLé¡��{y²ù�½È©��´π ln 2
8 "

ÖÖÖ 2. O�Ã¡È©
∫ +∞
0

sin3 x
x dx"

ÖÖÖ 3. �ëêA > 0§�Ä¹ëCþÃ¡È©I(y) =
∫ +∞
0

sinxy
x dx§y²µ

1.I(y)3y ∈ [A,+∞)��Âñ"

2.I(y)3y ∈ [0,+∞)Ø��Âñ"

ÖÖÖ 4. y²µ I(y) =
∫ +∞
0

x
2+xy dx3y ∈ (2,+∞)ëY"
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