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1.1 ­¡È©�½ÂÚO�

üa­¡È©�½Â

�dcaq§·��lÈ©�n���ÚnÚ½Â��Ý?Øü�­¡È©"'u

­È©!­�È©!­¡È©�«O·�3L�o("ÓÆ3)Kc§Ö7Äk«©È

©«a§«©�ª�±ÏLØÓÈ©�È©��§~X���ds�È©�­�È©§

���dS�È©�­¡È©"£5µ�m­�È©Ú­¡È©��È¼êÑ´n�¼

ê§¤±ØU��l�È¼ê«©È©a.¤

È©«a È©«� �È¼ê

�­È© ²¡«� ü�gCþ��ÏCþ�¼ê

n­È© �m«� n�gCþ��ÏCþ�¼ê

£²¡¤1�.­�È© ²¡­� ü�gCþ��ÏCþ�¼ê

£²¡¤1�.­�È© ²¡­� ü�gCþü�ÏCþ��þ¼ê

£�m¤1�.­�È© �m­� n�gCþ��ÏCþ�¼ê

£�m¤1�.­�È© �m­� n�gCþn�ÏCþ��þ¼ê

1�.­¡È© �m­¡ n�gCþ��ÏCþ�¼ê

1�.­¡È© �m­¡ n�gCþn�ÏCþ��þ¼ê
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�e5·�?Øüa­¡È©�½Â§·��,�ÌÈ©½Â�n�Ú½"Äk´

1�.­¡È©§^SL«­¡§�Ä��n�¼êf(x, y, z)§È©�½Â©�nÚµ

1.©©© ò­¡S©�eZ�ãSi"

2.ÈÈÈ 3z��Ü©­¡Si�:(xi, yi, zi)§¦Úf(xi, yi, zi)∆Si§Ù¥∆Si´­¡Ü

©Si�L¡È"

3.���444��� Øä\[­¡y©§¦�z�Ü©­¡L¡È∆SiÑªCu0§Úª4�½Â

�1�.­¡È© ∫∫
S
f(x, y, z)dS = lim

λ→0
f(xi, yi, zi)∆Si, (1)

Ù¥λ = maxi ∆Si´­¡Ü©L¡È��ö�¡È"dd1�.­¡È©�È©�

�dS��¡�­¡��½L¡È��"

�e5´1�.­¡È©��½Â§ùp·�=�ÄVý­¡S§111���...­­­¡¡¡ÈÈÈ©©©

III������½½½­­­¡¡¡������ýýýOOO���"�Än��þ�¼êF(x, y, z) = (P (x, y, z), Q(x, y, z), R(x, y, z))§

=éu�½gCþ(x, y, z)§ÏCþF(x, y, z)Ø´��ê
´,�þ(P (x, y, z), Q(x, y, z), R(x, y, z))§

dd�þ�¼ê�±w�n�n�¼ê��Ü"1�.­¡È©½Â�,´nÚ

1.©©© ò­¡S©�eZ�ãSi"

2.ÈÈÈ 3z��Ü©­¡Si�:(xi, yi, zi)§P:(xi, yi, zi)?���½ý�ü {�þ

�n(xi, yi, zi)§¦Ú(F(xi, yi, zi) · n(xi, yi, zi)) ∆Si§Ù¥∆Si´­¡Ü©Si�L¡È"

3.���444��� Øä\[­¡y©§¦�z�Ü©­¡L¡È∆SiÑªCu0§Úª4�½Â

�1�.­¡È©∫∫
S
F(x, y, z) ·dS =

∫∫
S
Pdydz+Qdzdx+Rdxdy = lim

λ→0
(F(xi, yi, zi) · n(xi, yi, zi)) ∆Si,

(2)

Ù¥λ = maxi ∆si´­�ã�Ý��ö"

'u1�.­¡È©���·�I�Ö¿�eº¦§3½Â���·�PdS =

nds§Ïd\\���

(F(xi, yi, zi) · n(xi, yi, zi)) dS = F · dS. (3)

ù´1�.­¡È©È©��dS�5
",��¡§��dS = nds�¢S¿Â´

/k�ÝK¡È0§Xã1¤«§��dS�n�©þ��u­¡Ü©Si3n��I²

¡Y oZ,XoZ,XoY�ÝK�¡È��§Ïd�P�

dS = (dydz, dzdx,dxdy). (4)

ù�)º
��o1�.­¡È©~~����¦È\Ú/ª
∫∫
S Pdydz + Qdzdx +

Rdxdy"

d	lüa­¡È©�½Â§·�éN´��üa­¡È©�'X"½ÂSÈ¼

êf(x, y, z) = (x,y, z) · n(x,y, z)§Ù¥n(x, y, z)´:(x, y, z)?�½ýü {�þ§@
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ã 1: 1�.­¡È©���dS=k�ÝK¡È�AÛ¿Â"

o

Pdydz +Qdzdx+Rdxdy = F · dS = (F · n) dS = f(x, y, z)dS. (5)

Ïd ∫∫
S
Pdydz +Qdzdx+Rdxdy =

∫∫
S

(F · n)dS. (6)

=1�.­¡È©�±�¤SÈ¼ê�1�.­¡È©"ù�¯¢31�.­¡È©�

O�¥É~­�"

��o(§·��Ñ1�.­¡È©~��o«½Â/ª£5µù
¶i´·gC

Ú>�±�BÓÆPÁ�Á�Õ¦^¤µ

1.kkk���¡¡¡ÈÈÈ������SSSÈÈÈ½½½ÂÂÂ
∫∫
S F(x, y, z) · dS d½Â´�{'�½Â"

2.{{{���þþþSSSÈÈÈ½½½ÂÂÂ
∫∫
S F(x, y, z) · n(x, y, z)dS ùpn(x, y, z)´:(x, y, z)?�½ýü 

{�þ"d½Â��uòSÈF(x, y, z) · n(x, y, z)w���¼ê§^1�.­¡È©�

½Â1�.­¡È©§´�·¨O��½Â"

3.������{{{uuu½½½ÂÂÂ
∫∫
S(P cos(n, x) + Q cos(n, x) + R cos(n, x))dS d½Âòü {�þ�

¤
{�þ���{u(cos(n, x), cos(n, y), cos(n, z))�/ª§�ò1�.­¡È©�¤


1�.­¡È©�/ª"

4.���������III///ªªª
∫∫

Pdydz+Qdzdx+RdxdyXª(4)§È©���¦Èdydz, dzdx,dxdy´

k�ÝK¡È��dS�n�©þ§�{�þ��Ó�"���I/ª½Â´o�½Â

¥�Ø�*�´�~��"

Ú­�È©aq§üa­¡È©½Â�«OÌ�3/È0Ú½§´�ØÓÔ

né�ÑÖ�"1�.­¡È©´�
�x­¡��þ§XJòf(x, y, z)w�S3

:(x, y, z)��Ý§�Ü©Si��þ�uL¡È¦±�Ý=f(xi, yi, zi)∆Si§©ã\\�

��È©�
∫∫
S f(x, y, z)dSÒ´­¡S��þ¶1�.­¡È©´�
�x6NÏL­

¡�6þ§·�b�6N�6�´¥þF(x, y, z)§6Nü �mÏL�Ü©Si�6þ
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´(F(xi, yi, zi) · n(xi, yi, zi)) ∆Si§©ã\\���È©�
∫∫
S F(x, y, z) · dSÒ´ü �

m6NÏL��­¡S�6þ"d	·�AO�Ñ§1�.­¡È©\È�¥�ü {

�þn(xi, yi, zi)7L�È©­¡�½�½��éA§ù�)º
��oN�1�.­¡

È©�È©­¡�ý¦�È©�C���ê"

1�.­¡È©�O�

ÏLúª�±ò1�.­¡È©=z��­È©§éud���§Úëê�§�Ñ

�­¡=zúªk¤ØÓ"O�1�.­¡È©�Ú½§´Äk�Ñ­¡��§§�â

�§ò­¡È©=z��­È©§��O��­È©"

�Ä1�.­¡È©
∫∫
S f(x, y, z)dS�O�úª´

1.S��§´���§z = g(x, y)§Ù¥gCþ����(x, y) ∈ D§­¡È©�O�ú

ª´ ∫∫
S
f(x, y, z)dS =

∫∫
D
f(x, y, g(x, y))

√
1 + (g′x)2 +

(
g′y
)2

dxdy, (7)

ùp·��±w�­¡L¡È��´�u�I²¡�¡È���§äk'XdS =√
1 + (g′x)2 +

(
g′y
)2

dxdy"

2.S��§´ëê�§


x = x(u, v),

y = y(u, v),

z = z(u, v),

Ù¥gCþ����(u, v) ∈ D′§­¡È©�O

�úª´∫∫
S
f(x, y, z)dS =

∫∫
D′
f(x(u, v), y(u, v), z(u, v))

√
A2 +B2 + C2dudv

=

∫∫
D′
f(x(u, v), y(u, v), z(u, v))

√
EG− F 2dudv (8)

Ù¥ëêA,B,C´Jacobi1�ª

A =
D(y, z)

D(u, v)

∣∣∣∣
(u,v)=(u0,v0)

, B =
D(z, x)

D(u, v)

∣∣∣∣
(u,v)=(u0,v0)

, C =
D(x, y)

D(u, v)

∣∣∣∣
(u,v)=(u0,v0)

. (9)

ëêE,F,GK� 
E = x2

u + y2
u + z2

u

F = xuxv + yuyv + zuzv

G = x2
v + y2

v + z2
v

(10)

'uù
ëê�?Ø�±�­¡ØÜ©ùÂ"

1�.­¡È©�J:Ì��)­¡�§�(½±9úª�\����­È©�O

�"Ï~§�
{z�­È©�O�§·���¬ÏLÀJÜ·��§¦�­È©�È

©«�£D½D′¤´¦�U{ü�«�"·��e5w��~K§ù�~K�±(Üé

¡��{{zO�þµ
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~~~ 1. O�­¡È©I =
∫∫
S

(
x2 + y2 + z2

)
dS§Ù¥S´µ4­¡|x|+ |y|+ |z| = 1"

©Ûµ�K�IO�¦^���§1�.­¡È©¯K§��O�þ��§�´|

^é¡�{�±��ü$O�þ"

Proof. ­¡|x|+ |y|+ |z| = 1Ú�È¼êx2 + y2 + z23l�%�þé¡§¤±���1

�%��Ü©¦±8=�"�²¡z = 1− x− y31���Ü©�S1§@o

I =

∫∫
S

(
x2 + y2 + z2

)
dS = 8

∫∫
S1

(
x2 + y2 + z2

)
dS. (11)

�e5�Ü©0�ü«�{O�1����1�.­¡È©"

1.������OOO���{{{ ­¡��§´z = g(x, y) = 1− x− y§¦�O�√
1 + (g′x)2 +

(
g′y
)2

=
√

3. (12)

z­¡È©��­È©

I = 8

∫∫
D

√
3
(
x2 + y2 + (1− x− y)2

)
dxdy (13)

Ù¥È©«�D´XoY²¡þ�:(0, 0), (0, 1), (1, 0)��:�����n�/"À½È

©^SO��­È©§éu�Ñ�y ∈ [0, 1]§gCþx ∈ [0, 1− y]µ

I = 8
√

3

∫ 1

0

(∫ 1−y

0

(
2x2 + 2y2 + 2xy − 2x− 2y + 1

)
dx

)
dy

= 8
√

3

∫ 1

0

(
2

3
(1− y)3 + 2y2(1− y) + y(1− y)2 − (1− y)2 − 2y(1− y) + (1− y)

)
dy

= 8
√

3

∫ 1

0

(
−5

3
y3 + 3y2 − 2y +

2

3

)
dy = 2

√
3. (14)

2.ééé¡¡¡555{{{zzzOOO��� ·�5¿��È¼êx2 + y2 + z2n�gCþx, y, z�/ ´�

Ó�§
S1²¡x + y + z = 1�§n�gCþ/ ��Ó"dd�êÅ§·��Ä�

È¼ê�È©²¡'u²¡y = x�é¡5§w,S1'uy = x´é¡�§�ÄS1þ'

uy = xé¡�ü�:(x0, y0, z0)Ú(y0, x0, z0)§cö�1�©þ�u�ö1�©þ§Ï

d©O�ÄS1þ±x2Úy2��È¼ê�È©��∫∫
S1

x2dS =

∫∫
S1

y2dS. (15)

?�Ú ∫∫
S1

(
x2 + y2 + z2

)
dS = 3

∫∫
S1

x2dS. (16)

ddz­¡È©��­È©

I = 24

∫∫
S1

x2dS = 24
√

3

∫∫
D
x2dxdy. (17)
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ã 2: �µK2«¿ã¶mµ¥�I�«¿ã"

ù�O���­È©'dc{üéõ

I = 24
√

3

∫ 1

0
x2

(∫ 1−x

0
1dy

)
dx

= 24
√

3

∫ 1

0
x2(1− x)dx = 2

√
3. (18)

��§é¡5�?nòE,�È¼êx2 + y2 + z2=z�{ü�È¼êx2§��{

z
z{���­È©O�"3¢S�K¥§éué¡5ér£X¥ÚÝN¤�«��

U�3éy = x�é¡5§d�ØÓgCþ3­¡Ú�È¼ê�/ �Ó§|^þãé

¡�{�±{zO�",�«n)�ª´§·�¢S�±ò�È¼ê
©¤nÜ©∫∫
S1

(
x2 + y2 + z2

)
dS =

∫∫
S1

x2dS +

∫∫
S1

y2dS +

∫∫
S1

z2dS. (19)

,�©OénÜ©?1È©§z�Ü©��È¼êÑ´'�{ü�§
�K¥é¡5f

Ð¦�n�Ü©È©���Ó"ù��{�n­È©¥
©�È¼ê��{aq"£�

n­È©ùÂ�~4ÚK1¤

éu�
E,�­¡§Ï~�ÏLëê�§��ªO�­¡È©§�Ñëê�§�

�{�±��¥�I½Î�I��{§·�5we¡�~K

~~~ 2. O�­¡È©I =
∫∫
S

(
x2y2 + y2z2 + z2x2

)
dS§Ù¥S´I¡z =

√
x2 + y2�Î

¡x2 + y2 = 2x�eÜ©

©Ûµ�K�­¡S´I¡z =
√
x2 + y2��Ü©§��¦^I¡���§z =√

x2 + y2O�­¡È©�´�1�"·�ùpÌ�0�¦^¥�IO�­¡Sëê�§

��{"
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Proof. Xã2§·�£Á¥�I�Vg§¤¢¥�IÒ´ò���IX�:(x, y, z)^¥

�I(r, θ, z)L�Ñ5§Ù'Xª�
x = ρ sinϕ cos θ, 0 6 ρ < +∞,

y = ρ sinϕ sin θ, 0 6 ϕ 6 π,

z = ρ cosϕ, 0 6 θ < 2π.

(20)

�\I¡���I�§z =
√
x2 + y2��

ρ| sinϕ| = ρ cosϕ, (21)

(Üz ≥ 0��ϕ = π
4§¤±I¡þ�:÷v�¥�I�

x =
√

2
2 ρ cos θ,

y =
√

2
2 ρ sin θ,

z =
√

2
2 ρ,

(22)

XJ±(ρ, θ)��ëê�§�gCþ§þªÒ´I¡���ëê�§",��¡§·�

I�(Ü/�Î¡�0ù�^�§OgCþ(ρ, θ)���"òI¡�¥�I�\Î¡L

�ªx2 + y2 ≤ 2xk
1

2
ρ2 ≤

√
2ρ cos θ. (23)

dd��ëê�§½Â�D′�

D′ =
{

(ρ, θ) : 0 ≤ ρ ≤ 2
√

2 cos θ, θ ∈ [−π
2
,
π

2
]
}
. (24)

ùpθ������AT´[0, π2 ] ∪ [3π
2 , 2π)§·��
�BQã±Ï5U��θ ∈

[−π
2 ,

π
2 ]"

�âI¡ëê�§(22)O�
E = x2

ρ + y2
ρ + z2

ρ = 1,

F = xρxθ + yρyθ + zρzθ = 0,

G = x2
θ + y2

θ + z2
θ = ρ2

2 .

(25)

�\­¡È©úª

I =

∫∫
S

(
x2y2 + (x2 + y2)z2

)
dS

=

∫∫
D′

√
2

8
ρ5
(
1 + cos2 θ sin2 θ

)
dρdθ

=

∫ π
2

−π
2

(
1 + cos2 θ sin2 θ

)(∫ 2
√

2 cos θ

0

√
2

8
ρ5dρ

)
dθ

=

∫ π
2

−π
2

(
1 + cos2 θ sin2 θ

) 32
√

2

3
cos6 θdθ

=
32
√

2

3

∫ π
2

−π
2

(
cos6 θ + cos8 θ − cos10 θ

)
dθ =

29
√

2

8
π, (26)

���ÚO�¦^·�dcÆL�n�¼ê½È©O�úª"
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1�.­¡È©�O�

£Á1�.­¡È©�o�½Â�ª§K8¥�·��~~´���I/ª�1�

.­¡È©"111���...­­­¡¡¡ÈÈÈ©©©���OOO������{{{´́́ÄÄÄkkk===zzz���111���...­­­¡¡¡ÈÈÈ©©©§·�7LÄ

kò1�.­¡È©k���I/ª=z�{�þSÈ/ª"�e5·��Ñ���§

Úëê�§�/ò1�.­¡È©z�1�.­¡È©2z��­È©�O�úª§�

´ÓÆ�Ø����{úª�(J§�½��Ñz�1�.­¡È©�Ú½§ù��±

��ü$À�{�þ����ØAÇµ

1.S��§´���§z = g(x, y)§Ù¥gCþ����(x, y) ∈ D"£Á­¡Ø��

£§�½:(x0, y0, g(x0, y0))?ü {�þ�L�ª´

n(x, y, z) = ± 1√
1 + (g′x(x0, y0))2 + (g′y(x0, y0))2

(
−g′x(x0, y0),−g′y(x0, y0), 1

)
, (27)

�þ�ÎÒéA­¡�ü�ý"ddí�1�.­¡È©�O�úª´∫∫
S
Pdydz +Qdzdx+Rdxdy

=

∫∫
S
F(x, y, z) · n(x, y, z)dS

= ±
∫∫

S

1√
1 + (g′x)2 + (g′y)

2

[
P
(
−g′x

)
+Q

(
−g′y

)
+R

]
dS

= ±
∫∫

D

[
P (x, y, g(x, y))

(
−g′x

)
+Q(x, y, g(x, y))

(
−g′y

)
+R(x, y, g(x, y))]dxdy.(28)

þã�n��Ò�¿Â©O´µ1���Ò´ÏLò1�.­¡È©�¤{�þSÈ½

Â�/ª����1�.­¡È©§1���ÒK�\
ª(27)¥{�þ�äN�§1

n��ÒK´1�.­¡È©z\gÈ©�O�§{�þ8�zÑy��Ò©ª�T

|���"·���±�Ñaq����§x = h(y, z)½y = l(x, z)éA�­¡È©ú

ª§�gCí�"

2.S��§´ëê�§


x = x(u, v),

y = y(u, v),

z = z(u, v),

Ù¥gCþ����(u, v) ∈ D′"�½­¡þ�

:(x(u0, v0), y(u0, v0), z(u0, v0))?ü {�þ�L�ª´

n = ± 1√
A2 +B2 + C2

(A,B,C). (29)

Ù¥ëêA,B,C´Jacobi1�ª

A =
D(y, z)

D(u, v)

∣∣∣∣
(u,v)=(u0,v0)

, B =
D(z, x)

D(u, v)

∣∣∣∣
(u,v)=(u0,v0)

, C =
D(x, y)

D(u, v)

∣∣∣∣
(u,v)=(u0,v0)

. (30)
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­¡È©�O�úª´∫∫
S
Pdydz +Qdzdx+Rdxdy

=

∫∫
S
F(x, y, z) · n(x, y, z)dS

= ±
∫∫

S

1√
A2 +B2 + C2

(PA+QB +RC) dS

= ±
∫∫

D′
[P (x(u, v), y(u, v), z(u, v))A(u, v) +Q(x(u, v), y(u, v), z(u, v))B(u, v)

+R(x(u, v), y(u, v), z(u, v))C(u, v)] dxdy. (31)

����§��/aq§1�.­�È©O�¥�n��Òäk�Ó�¿Âµ1���

Ò´ÏLò1�.­¡È©�¤{�þSÈ½Â�/ª����1�.­¡È©§1�

��ÒK�\
ª(29)¥{�þ�äN�§1n��ÒK´1�.­¡È©z\gÈ©

�O�§{�þ8�zÑy��Ò©ª�T|���"

dd·��±o(Ñ1�.­¡È©O��Ä�Ú½

1.�Ñ­¡����§½ëê�§±9gCþ�����§�¹#N�±xã9Ï"

2.�â­¡�§O�­¡È©��½ýéA�ü {�þ"

3.òü {�þ�\1�.­¡È©�O�úª(28)½(31)¥§Ù¥1���Ò��Î

Ò���½ý�{�þéA"

4.d1�.­¡È©��éA�{�þSÈ.�1�.­¡È©�������­È

©"

5.O��­È©"

·��±w�§û½O�úª(28)½(31)1���Ò��ÎÒ§´�6ü {�þ

9ÙéA�­¡�ý�"XJ��PÁO�úª(28)½(31)�O�(J
�ÑnÚí�

L§§¬éJ�äÎÒ��{"

�e5·�{�0�,��äÈ©�½�ýéA�ü {�þ"���K8¥§·

�¬±/þe�m0�� ��­¡��ý§
Vý­¡�z�ýéA��ü {�

þ"éu���§�ü {�þ± (−g′x,−g′y ,1)√
1+g2x+g2y

§Ù1n©þ´± 1√
1+g2x+g2y

§ù����

K��d{�þ��KÒû½"�âK8��¦§·��±�ä{�þ1n©þ�AÛ

þ�� §dd��{�þ1n©þ�ÎÒ§dd�ä{�þ�ÎÒ"éuëê�§§

Ù{�þÏ~vk���±��(½ÎÒ§I�äN�¹?Ø§ØL�,I�·��â

­¡�ý��m� ±éì��ü {�þ���"

�e5·�w�����§O�1�.­¡È©�SK§´�Á�Ì��UK."

ëê�§1�.­¡È©�O�Ï~O�þé�§¿�Ì��:"

~~~ 3. O�­¡È©I =
∫∫
S(y − z)dydz + (z − x)dzdx + (x − y)dxdy§Ù¥S´¥

¡x2 + y2 + z2 = 2Rx�Î¡x2 + y2 = 2rx�eÜ©3z ≥ 0�Ü©§�	ý§Ù¥ë

9



ã 3: ~K3«¿ã"

êR > r"

©Ûµ�K�IO�1�.­¡È©���§O�K§Ì�8��ÙGÚ½"

Proof. ÚÚÚ½½½1.���ÑÑÑ­­­¡¡¡���§§§ du­¡S´¥��Ü©§¿�z ≥ 0§ØJ�Ñ�e¥¥

¡����§

z =
√

2Rx− x2 − y2, (32)

du�Î¡�§gCþ(x, y)�����D´²¡þ��x2 + y2 ≤ 2rx"

ÚÚÚ½½½2.���ÑÑÑ­­­¡¡¡üüü   {{{���þþþ �â­¡���§�ü ­¡{�þ

n(x, y, z) = ± 1√
1 + y2+(R−x)2

z2

(
R− x
z

,
−y
z
,−1

)
. (33)

Xã¤«§K��¦�­¡	ýéA�ü {�þ1n©þ7L´��§Ïd{�þc

�ÎÒ�KÒ§=

n(x, y, z) =
1√

1 + y2+(R−x)2

z2

(
−R− x

z
,
y

z
, 1

)
. (34)

ÚÚÚ½½½3.���âââúúúªªª(28)òòò111���...­­­¡¡¡ÈÈÈ©©©===zzz���111���...­­­¡¡¡ÈÈÈ©©©������zzz������­­­ÈÈÈ©©©

�\úª�

I =

∫∫
S

(y − z)dydz + (z − x)dzdx+ (x− y)dxdy

=

∫∫
S

(y − z, z − x, x− y) · n(x, y, z)dS

=

∫∫
S

1√
1 + y2+(R−x)2

z2

(
x−R
z

,
y

z
, 1

)
· (y − z, z − x, x− y)dS

=

∫∫
D

[
(x−R)(y − z)

z
+
y(z − x)

z
+ (x− y)

]
dxdy. (35)
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ùn��Ò�ª(28)¥n��Ò����"^­¡�§z =
√

2Rx− x2 − y2���È¼

ê�zCþ��

I =

∫∫
D

[
(x−R)(y − z)

z
+
y(z − x)

z
+ (x− y)

]
dxdy

=

∫∫
D

(
R−Ry

z

)
dxdy

=

∫∫
D

(
R−R y√

2Rx− x2 − y2

)
dxdy. (36)

ÚÚÚ½½½4.OOO������­­­ÈÈÈ©©© 5¿�È©«��D'uy¶é¡§�âé¡5∫∫
D
R

y√
2Rx− x2 − y2

dxdy = 0. (37)

dd

I =

∫∫
D

(
R−R y√

2Rx− x2 − y2

)
dxdy =

∫∫
D
Rdxdy = πr2R. (38)

¥¡þ�ü {�þÚ1�.­¡È©

¥¡´äkpÝé¡5�­¡§ü ¥¡ÏÙAÏ5�±O�Ñ?�:(x, y, z)?

�	ýü {�þ�

n(x, y, z) = (x, y, z). (39)

du¥¡�ü {�þ/ª�~{ü§¥¡þ�1�.­¡È©k��±��z¤1�

.­¡È©§¿�6¥¡þ�é¡5��¦)½z{�È¼ê"Ø�¥¡1�.­¡È

©XJ^¥�IO�§�
É~æ�§Ï�¥�I¦�¥¡��ké¡5Ô��

ª(39)�í��±lAÛ5���§Ï�ü ¥�:(x, y, z)�	ý{�þ§7,²

1uë�:(x, y, z)Ú¥%�»§dux2 + y2 + z2 = 1§¤±	ý{�þÒ´(x, y, z)"

XJlü ¥�§5í�ª(39)¬'�æ�"±XoY�I²¡�.§þeü ¥¡��

��§©O�z = ±
√

1− x2 − y2"þ�¥¡S1 : z =
√

1− x2 − y2�\O��

n(x, y, z) = ± 1

(1− x2 − y2)−
1
2

(
−x√

1− x2 − y2
,

−y√
1− x2 − y2

,−1

)
, (40)

�Ä�þ�¥¡�	ýü {��1n©þÎÒ��§Ïdþã{�þÎÒ�ÎÒ§�

�

n(x, y, z) =
√

1− x2 − y2

(
x√

1− x2 − y2
,

y√
1− x2 − y2

, 1

)
= (x, y, z). (41)
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ée�¥¡Ón$�§¬��	ý{�þ�Ó�L�ª"·�uy§¥¡­¡È©�O

�JÝ§3uÙþýÚeýØU¦^�Ó����§§I�©�þeüÜ©O�1�.

­¡È©"ù´¦^úª(39)K�±{ü/ò¥¡1�.­¡È©z�¥¡1�.­¡

È©"

Ø
ü ¥¡§�
Ù¦µ4­¡��±/ÏAÛ5���{{ü/�Ñ	ý�ü

 {�þ"~X±�:�¥%�ý¥¡x2

a2
+ y2

b2
+ z2

c2
= 1§Ùü {�þ

n(x, y, z) =
(x
a
,
y

b
,
z

c

)
. (42)

�:Ø3�%�¥x2 + y2 + z2 = 2RxÙþ�:(x, y, z)?�	ýü {�þ²1u±¥

%(R, 0, 0)��:±:(x, y, z)�ª:��þ§=

n(x, y, z) =
1

(x−R)2 + y2 + z2
(x−R, y, z) =

1

R
(x−R, y, z). (43)

�´ù��{B$�k�¿ØU��^uO�1�.­¡È©�~5�{¥§·�

3ª(28)�O�¥�\
ü {�þ/ª(27)§ù�/ªc¡��Ò©ª�T�±3

ª(28)�1n��Ò?��"XJ¦^/Xª(39)Ú(43)�{z{�þL�ª§I�·

�31n��Ò?�	O��L­¡����Ò"

��·�^þã�{O�A�¥¡þ�­¡È©

~~~ 4. O�­¡È©

1.I =
∫∫
S x

2dydz + y2dzdx+ z2dxdy§Ù¥S´ü ¥¡§�	ý"

2.I =
∫∫
S xdydz + ydzdx+ zdxdy§Ù¥S´ü ¥¡31�%��Ü©§�	ý"

©Ûµ�Kü�È©Ñ´¥¡þ�È©§(Ü¥¡�	ýü {�þ´(x, y, z)ù

�¯¢§·��±�¤¥¡üa­¡È©�pz§¿ÏLé¡5{zO�"

Proof. 1.·�ò1�.­¡È©z�1�.­¡È©

I =

∫∫
S
x2dydz + y2dzdx+ z2dxdy

=

∫∫
S

(x2, y2, z2) · (x, y, z)dS =

∫∫
S

(x3 + y3 + z3)dS. (44)

¥¡S'u�:¥%é¡§
�È¼êx3 + y3 + z33'u�:¥%é¡�ü�:���

�¼ê�§é¡5��

I =

∫∫
S

(x3 + y3 + z3)dS = 0. (45)

2.Ónò1�.­¡È©z�1�.­¡È©

I =

∫∫
S
xdydz + ydzdx+ zdxdy

=

∫∫
S

(x, y, z) · (x, y, z)dS =

∫∫
S

(x2 + y2 + z2)dS =

∫∫
S

1dS =
π

2
, (46)
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Ù¥�����ª|^
1�%��¥¡Ü©L¡È�π
2"

·��Ñ§���¥¡½¥¡Ü©�1�.­¡È©�§|^{�þ�L�ª~~

�±��z{�È¼ê§=Bù«�{��^5¿vkAO�"

üa�{z�1�.­¡È©

¦^úªO�1�.­¡È©´�~æ��§cÙ´{�þ�O�Ú�\�©E

,"��!0��ü«1�.­¡È©�±{ü/z��­È©�O�Ñ5"

1.������III²²²¡¡¡²²²111���­­­¡¡¡���­­­¡¡¡ÈÈÈ©©© �­¡S´²¡z = z0��Ü©§Ïd��

I²¡XoY²1§dd­¡S?�:?�ü {�þþ�

n(x, y, z) = ±(0, 0, 1). (47)

yO�­¡È©I =
∫∫
S Pdydz +Qdzdx+Rdxdy��

I = ±
∫∫

S
(P,Q,R) · (0, 0, 1)dS = ±

∫∫
S
R(x, y, z)dS = ±

∫∫
D(x,y)

R(x, y, z0)dS. (48)

Ù¥D(x,y)´­¡S3XoY²¡�ÝK§n��Ò�¹Â��O�úª(28)¬Ü"�

�§ùaÈ©­¡��I²¡²1�­¡È©�±z�­¡ÝK��­È©§lÈ©�

���Ýw¿�Xk�ÝK¡È��dS�1�1�©þ�u0§=dydz = dzdx = 0§

Ï
�È¼ê�kR©þéÈ©�k¿Â"

2.���ÈÈÈ¼¼¼êêê���kkk������©©©þþþ���­­­¡¡¡ÈÈÈ©©© bX�È¼êF�k��©þØ´"¼ê§

XF = (0, 0, R)§·���±{zO�1�.­¡È©
∫∫
S R(x, y, z)dxdy"�­¡S�

3���§z = g(x, y)"£~Xü ¥¡�þ�¥�3���§z =
√

1− x2 − y2§


ü ¥¡�NØ�3���§§Ï�éu�½(x, y)�3±
√

1− x2 − y2ü�¼ê�é

A"¤@o�±�Ñ­¡S�{�þ

n(x, y, z) = ±
(−g′x,−g′y, 1)√

1 + g2
x + g2

y

. (49)

,��\­¡È©úª∫∫
S
R(x, y, z)dxdy =

∫∫
S

(0, 0, R(x, y, z)) · n(x, y, z)dS

= ±
∫∫

S
(0, 0, R(x, y, z)) ·

(−g′x,−g′y, 1)√
1 + g2

x + g2
y

dS

= ±
∫∫

S

R(x, y, z)√
1 + g2

x + g2
y

dS = ±
∫∫

D(x,y)

R(x, y, g(x, y))dxdy.(50)

Ù¥Dx,y´­¡S3XoY�I²¡þ�ÝK§n��Ò�¹Â��O�úª(28)¬Ü"

��§ùa�È¼ê�k��©þ�"1�.­¡È©�±��z�­¡ÝKþ��­
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È©"AO5¿§ª(50)�{zå:
∫∫
S R(x, y, z)dxdyÚª:

∫∫
D(x,y)

R(x, y, g(x, y))dxdyä

k�Ó�È©��dxdy§I�5¿cö�1�.­¡È©�ö��­È©"

·��Ñ§ù�È©�¤±{zO�§´Ï�ÀJ
Ü·����§z = g(x, y)§

±x, y�gCþ§¦�����È¼ê©þR¦±{�þ�¦þ
�1�©þ§XJ��

�§Ø�3KÃ{?1z{"XJ1�.­¡È©/X
∫∫
S Pdydz§·�I�¦���

�§z = l(y, z)âUz{�Y oZÝK��­È©"

1.2 GaussúªÚStokesúª

·�Ï~rGaussúªÚStokesúª�Greenúª�åPÁ§¡��È©n�úª§


GaussúªÚStokesúªÑ´Greenúª3n��/�í2"l?né�þ5w§o(

naúªXe

1.Greenúúúªªª ²¡«�D��­È©⇔«�>.­�∂D�1�.­�È©

2.Gaussúúúªªª �m«�Ω�n­È©⇔«�>.­¡∂Ω�1�.­¡È©

3.Stokesúúúªªª �m­¡S�1�.­¡È©⇔­¡>.­�∂S�1�.­�È©

'�5w§Gaussúª��u��ò(Ød��«�í2�n�«�§
Stokesú

ªK´ò���²¡��un��m¿/«�0�­¡§ïÄ­¡�È©�Ù>.­�

È©�'X"

Gaussúª

�­¡S´k.�m«�Ω�>.§@oGaussúª�/ª´∫∫
S+

Pdydz +Qdzdx+Rdxdy =

∫∫∫
Ω

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dV. (51)

e¡´A:º¦

1.S+�Lµ4­¡	ý§=��«�Ω±	���"¢Sþ	ý½ÂØ
î>I��

�AÛ�*§ùpÑ�î��Qã"	ý�Vg�­¡ý¢�þýeýÃ'§ù�:

�Greenúª¥���Vgaq"

2.�È¼êF = (P,Q,R)7L3Ω ∪ Sþk½Â�këY��� �ê§bXF3Ωþ�

3Ã½Â�:KØU¦^Gaussúª"

3.Gaussúªmý¢Sþ´�þ¼êF = (P,Q,R)ÑÝ�n­È©=

divF =
∂P

∂x
+
∂Q

∂y
+
∂R

∂z
. (52)

Ù¥divF´�þ¼ê�ÑÝ$�§�P∇ · F"ÏdGaussúª�¡ÑÝ½n"

XJòGaussúª�ý�1�.­¡È©�¤{�þSÈ/ª�1�.­¡È©§

·��� ∫∫
S

(F · n)dS =

∫∫∫
Ω

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dV, (53)
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ã 4: �µ~K5È©­¡«¿ã¶mµ~K6È©­�«¿ã"

Ù¥n�Lü {�þ"ù�/ª�Greenúª�C/£­�È©ùÂª(58)¤'�

aq§¢Sþ<��±òGaussúªÚGreenúªí2�n��/µ�Ω ⊂ Rn´k.«

�§n��þ¼êF(x) = (F1(x), · · · , Fn(x))§@o∫
∂Ω

(F · n)dS =

∫
Ω

divFdx. (54)

ù�n�úª¡�Gauss-Greenúª"

Gaussúª�Ä�¦^´òE,�­¡È©z�n­È©O�§�´A^L§¥~

~Ø@o^|"�N´Ñy��¹B´­¡SØµ4§½´µ4­¡S�¤«��3Ã

½Â�:"?nùü�¯K��{´/VX{0Ú/�É{0"e~0�/VX{0§


/�É{03��YöSK0�"

~~~ 5. O�­¡È©I =
∫∫
S 4xzdydz − 2yzdzdx + (1 − z2)dxdy§Ù¥S´z = ey�y ∈

[0, 1]Ü©7z¶^=���^=¡§�eý"

©Ûµ�K0��´Gaussúª�A^�{VX{"Gaussúª�±òE,�µ4

­¡�1�.­¡È©=z�n­È©"XJ�éØµ4�­¡A^Gaussúª§I�

ÄkÏL�½E|¦�­¡µ4"

Proof. �Ä�­¡SØ´µ4­¡§·�I��E9Ï²¡±¦^Gaussúª"Xã

¤«§­¡S¥�G§·��SV\/Xf0S1 = {x2 + y2 ≤ 1, z = e}§Ò�±¦

�S ∪ S1¤�µ4­¡",��¡·�uy

∂x(4xz) + ∂y(−2yz) + ∂z(1− z2) = 0. (55)

¤±XJéS ∪ S1�¤�/�/«�0^Gaussúª§>.�1�.­¡È©��=z

�/�0SÜ��È¼ê�0�n­È©§=∫∫
S+

+

∫∫
S+
1

=

∫∫∫
D

(
∂x(4xz) + ∂y(−2yz) + ∂z(1− z2)

)
dV = 0. (56)

15



5¿�GaussÈ©é>.­¡JÑ
	ý�¦§>.�üÜ©	ý��u­¡S�eý

Ú­¡S1�þý§Ïd

I =

∫∫
S,e

4xzdydz − 2yzdzdx+ (1− z2)dxdy

= −
∫∫

S1,þ
4xzdydz − 2yzdzdx+ (1− z2)dxdy. (57)

duS1´��I²¡XoY²1�­¡§S1þ�1�.­¡È©�~N´O�

I = −
∫∫

D
(x,y)
1

(
1− e2

)
dxdy = π

(
e2 − 1

)
, (58)

Ù¥²¡«�D
(x,y)
1 ´­¡S13Xoy�ÝK§=ü �"ùp�Ny
/VX{0�Ð

?§duS1²1�I²¡§òSþ�­¡È©=z�S1�­¡È©§2ÏL�c�{B

�{�t{zO�"

Stokesúª

�­¡S´Výk.­¡§L´­¡S�>.§@oStokesúª�/ª´∮
L
Pdx+Qdy+Rdz =

∫∫
S

(
∂R

∂y
− ∂Q

∂z

)
dydz+

(
∂P

∂z
− ∂R

∂x

)
dzdx+

(
∂Q

∂x
− ∂P

∂y

)
dxdy.

(59)

e¡´A:º¦

1.�k�L�½��S�½ýü {�þ���¤mÃX�§Stokesúªâ¤á"

2.�È¼ê(P,Q,R)7L3L ∪ Sþ??k½Â§�dëY��� �ê"

3.�
�BPÁ§·���±òStokesúª�1�.­¡È©���¤1�ª�/ªµ

∮
L
Pdx+Qdy +Rdz =

∫∫
S

∣∣∣∣∣∣∣∣
dydz dzdx dxdy

∂
∂x

∂
∂y

∂
∂z

P Q R

∣∣∣∣∣∣∣∣ . (60)

Stokesúª�Ä�A^´ò1�.­¡È©Ú1�.­�È©p�=�O�§�´

ùüaÈ©Ñ¡ØþÐ�"¢S¦^¥§StokesÈ©Ì�^uò��­�È©O�§Ï

�ò�­�È©I�©ã§�
;�©ã�5�æ�§¦^Stokesúªòò�È©=�

­¡È©´'�y��"

~~~ 6. O�­�È©I =
∮
L

(
y2 − z2

)
dx+

(
z2 − x2

)
dy+

(
x2 − y2

)
dzÙ¥L´ÝN[0, 1]×

[0, 1]× [0, 1]�²¡x+ y + z = 3
2�����ò�§ò��½�´lz¶��� K��

w��_��"
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©Ûµ�K´ò�È©§��O�I�©ã§·��Ä^Stokesúªòò��­�

È©z¤��­¡È©"du���1�.­¡È©�È©­¡´²¡§O�Ø´éæ

�"

Proof. |^Stokesúªò­�È©z�1�.­¡È©§�âmÃ½K���­¡È©

ü {�þ���þµ

I =

∮
L+

(
y2 − z2

)
dx+

(
z2 − x2

)
dy +

(
x2 − y2

)
dz

=

∫∫
S,þ

(−2y − 2z)dydz + (−2z − 2x)dzdx+ (−2x− 2y)dxdy. (61)

5¿­¡S´²¡x+ y + z = 3
2��Ü©§ÏdSþý�ü {�þ�

(√
3

3 ,
√

3
3 ,
√

3
3

)
§ò

1�.­¡È©z�1�.­¡È©

I =

∫∫
S

(−2y − 2z,−2z − 2x,−2x− 2y) ·
(

1√
3
,

1√
3
,

1√
3

)
dS

= − 4√
3

∫∫
S

(x+ y + z)dS = −2
√

3|S| = −9

2
. (62)

Ù¥|S|��8>/­¡S�¡È"�8>/«��±w�8�>�
√

2
2 ��n�/©¤

�§¤±�8>/¡È3
√

3
4 "

2 ²;SK

�!�K8a.'­�È©�"1�.­¡È©�O�±@úª�Ì§J:Ì�´

O�þ�Ú­¡ëê�§ØÐ¦¶1�.­¡È©�JÝ3un)ÙO��{§±9ü

 {�þÎÒ��O�ª¶Gaussúª�Ì�A^�)/VX{0Ú/�É{0§�Á

��U�9aqGreenúªK.�y²K¶Stokesúª�K8K±­�È©z­¡È©

�O�K�Ì"

2.1 ~K

KKK 1. O�­¡È©I =
∫∫
S xdydz + ydzdx + zdxdy§Ù¥S´Ú^¡x = u cos v, y =

u sin v, z = cv§Ù¥(u, v) ∈ [a, b]× [0, 2π]§�þý§ëê0 ≤ a ≤ b"

©Ûµ�K´ëê�§.1�.­¡È©�O�§ü {�þÎÒ�(½´J:"

Proof. Xã¤«§Ú^¡�A:´§��XoY²¡þ�:(x, y)§éA�­¡þ�:z�

�dÙ4�I�vû½"Ï
�X(x, y)7�:�_��^=§4�I�C�§ÏdéA
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ã 5: K1�Ú^¡«¿ã"

­¡�:��Iz��p"�âëê�§O�Jacobi1�ª
A = D(y,z)

D(u,v) = c sin v,

B = D(z,x)
D(u,v) = −c cos v,

C = D(x,y)
D(y,v) = u.

(63)

Ïdü {�þ�

n(x(u, v), y(u, v), z(u, v)) = ± 1√
c2 + u2

(c sin v,−c cos v, u). (64)

I�5¿�´§{�þ(64)´���I¿Âe:(x(u, v), y(u, v), z(u, v)?�{�þ§Ù

AÛ¿Â�ëêgCþÃ'"·�O��È©�ÄÚ^¡�þý§ù¿�TýéA{

�þ�1n©þÎÒ�+"qduu > 0§ÏdþýéA{�þI3(64)��Ò",�^

ª(31)O�1�.­¡È©

I =

∫∫
S

(x, y, z) ·
[

1√
c2 + u2

(c sin v,−c cos v, u)

]
dS

=

∫∫
S

cuv√
c2 + u2

dS =

∫∫
D′
cuvdudv = c(b2 − a2)π2, (65)

Ù¥gCþ����´D′ = [a, b] × [0, 2π]§Ïd�­È©�±��^©lCþ{O

�§

KKK 2. O�­¡È©I =
∫∫
S
xdydz+ydzdx+zdxdy

(ax2+by2+cz2)
3
2
§Ù¥S´ü ¥¡	ý§ëêa, b, c >

0"

©Ûµ�K�,´µ4­�Sþ�­¡È©§%du�È¼ê3�:Ã½ÂÃ{¦

^Gaussúª"�K0��/�É{0§�þ�Ù0��Greenúª��É{aq§Ù

¢�´�Kvk½Â�:¦�Gaussúª�±¦^"�É�/GK��È¼ê�,Pk

'

18



Proof. ½Â�È¼êF = (P,Q,R)÷v

P (x, y, z) = x

(ax2+by2+cz2)
3
2
,

Q(x, y, z) = y

(ax2+by2+cz2)
3
2
,

R(x, y, z) = z

(ax2+by2+cz2)
3
2
,

(66)

�\����
∂P

∂x
+
∂Q

∂y
+
∂R

∂z
= 0. (67)

�K¤¦�µ4ü ¥¡�1�.­¡È©§¿�ÑÝ¼êdivF = 0§·�g,F

"¦^Gaussúª"�´�È¼êF3�:vk½Â§·�ØU��¦^Gaussúªò­

¡È©=z�ü ¥�n­È©"u´·�3vk½Â��:NC���É§3ü ¥

��É�«�¦^Gaussúª",
�´É�/G´dùÄ�§Ï�·�ÏLGaussú

ª��¬´É>�þ���­¡È©§·�g,F"É�/Gk|ù�­¡È©O�"

Pü ¥�D1§@oS = ∂D1"·�ÀJ���¹�:ý¥«�

Dε = {(x, y, z) : ax2 + by2 + cz2 ≤ ε}, (68)

Ù¥ε > 0´v
��ëê"3�üëÏ��%«�D1/Dεþ^Gaussúª§«��>.

�)S = ∂D1Ú∂Dεüã§ddµ∫∫
∂D+

1

F · dS +

∫∫
∂D+

ε

F · dS =

∫∫∫
D

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dV = 0. (69)

Gaussúª¥>.­¡∂Dε�	ý¢SéAý¥Dε�pý§u´

I =

∫∫
S,�	

xdydz + ydzdx+ zdxdy

(ax2 + by2 + cz2)3/2

= −
∫∫

∂Dε,�p

xdydz + ydzdx+ zdxdy

(ax2 + by2 + cz2)3/2

=
1

ε
3
2

∫∫
∂Dε,�	

xdydz + ydzdx+ zdxdy, (70)

Ù¥∂Dε=ý¥¡ax2 + by2 + cz2 = ε§1n��Ò=3�È¼ê�©1�\ý¥¡��

§"du�È¼ê©1���§¦��È¼ê3�:k½Â§23ý¥Dε^Gaussúª

I =
1

ε
3
2

∫∫
∂Dε,�	

xdydz + ydzdx+ zdxdy

=
1

ε
3
2

∫∫
Dε

3dV =
3

ε
3
2

· 4

3
π

(
ε3

abc

) 1
2

=
4π√
abc

. (71)

Ù¥1o��ª|^ý¥�NÈúªV = 4
3πABCÙ¥A,B,C´ý¥n^�¶��"
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KKK 3. �½n�¼êf(x, y, z)§.Ê.d�f�^3fþ����#�n�¼ê∆f(x, y, z)§

Ù½Â�

∆f(x, y, z) =
∂2f

∂x2
(x, y, z) +

∂2f

∂y2
(x, y, z) +

∂2f

∂z2
(x, y, z). (72)

�Ω´n�k.4«�§Ω�>.S´©ã1w�­¡§u(x, y, z)Úv(x, y, z)3Ω ∪ Sþ

�3ëY��� �ê§^n´­¡Sþ�	ýü {�þ§¦yµ

1.
∫∫
S
∂u
∂ndS =

∫∫∫
D ∆udV"

2.
∫∫∫

D(u∆v − v∆u)dV =
∮
S

(
u ∂v∂n − v

∂u
∂n

)
dS"

3.XJ¼êf(x, y, z)3Ω÷v∆f = 0§¡f�NÚ¼ê"�u´NÚ¼ê§�½:(x0, y0, z0) ∈

Ω§@ou(x0, y0, z0) = 1
4π

∫∫
S

(
u cos(r,n)
|r|2 + 1

|r|
∂u
∂n

)
dS§Ù¥r´±(x0, y0, z0)�å:§

±Sþ�:(x, y, z)�ª:��þ"

4.y²²þ�Ø�ªµ�u´NÚ¼ê§XJΩ´±:(x0, y0, z0)�¥%§±R��»�

¥§@ou(x0, y0, z0) = 1
4πR2

∫∫
S udS"=¥%?�¼ê��¥¡È©²þ�"

©Ûµ�K´|^Gaussúªy²�ª�K8§�ª�,´3Gaussúª¥Ün/

�\P,Q,R¼ê��{"duGaussúª�ý´1�.­¡È©§��±w�´�þ¼

ê�ü 	ý{�þSÈ�1�.­¡È©£�ª(53)¤§·�I�'%K8¥{�þ

Ñy� �§±éA�Ü·�¼ê"

Proof. 1.dun´	ýü {�þ§�â���ê�½Â

∂u

∂n
=

(
∂u

∂x
,
∂u

∂y
,
∂u

∂z

)
· n. (73)

duü 	ý{�þ��3§·��±ò���ê�/ª�ª(53)��ý� µ3

ª(53)¥�\F = (P,Q,R) =
(
∂u
∂x ,

∂u
∂y ,

∂u
∂z

)
��∫∫

S

∂u

∂n
dS =

∫∫
S

(
∂u

∂x
,
∂u

∂y
,
∂u

∂z

)
· ndS

=

∫∫∫
Ω

(
∂

∂x

(
∂u

∂x

)
+

∂

∂y

(
∂u

∂y

)
+

∂

∂z

(
∂u

∂z

))
dV =

∫∫∫
Ω

∆udV.(74)

2.·��Îl���ê�Ñu

u
∂v

∂n
=

(
u
∂v

∂x
, u
∂v

∂y
, u
∂v

∂z

)
· n. (75)

,�3ª(53)�\F =
(
u ∂v∂x , u

∂v
∂y , u

∂v
∂z

)
��∫∫

S
u
∂v

∂n
dS =

∫∫∫
Ω

(
∂

∂x

(
u
∂v

∂x

)
+

∂

∂y

(
u
∂v

∂y

)
+

∂

∂z

(
u
∂v

∂z

))
dV

=

∫∫∫
Ω

(
u∆v +

∂u

∂x

∂v

∂x
+
∂u

∂y

∂v

∂y
+
∂u

∂z

∂v

∂z

)
dV. (76)
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Ón��∫∫
S
v
∂u

∂n
dS =

∫∫∫
Ω

(
∂

∂x

(
v
∂u

∂x

)
+

∂

∂y

(
v
∂u

∂y

)
+

∂

∂z

(
v
∂u

∂z

))
dV

=

∫∫∫
Ω

(
v∆u+

∂u

∂x

∂v

∂x
+
∂u

∂y

∂v

∂y
+
∂u

∂z

∂v

∂z

)
dV. (77)

òüª�~=���I��(Ø"

3.ù�¯�g´´�{¦^1�¯�(Ø"·�uy�K¤¦�ª�mý�1�¯

�ªmý'�aq§Ïd·�F"31�¯¥�\v = 1
|r(x,y,z)|§Ù¥

|r(x, y, z)| =
√

(x− x0)2 + (y − y0)2 + (z − z0)2. (78)

¿��±O��

u
∂v

∂n
= −ur · n

|r|3
= −ucos(r,n)

|r|2
. (79)

Ïd�ª�mý�∫∫
S

(
u

cos(r,n)

|r|2
+

1

|r|
∂u

∂n

)
dS =

∫∫
S

(
1

|r|
∂u

∂n
− u ∂

∂n

(
1

|r|

))
dS. (80)

,
XJ�^1�¯�(Ø§7Lv3Ω::k½Â§
 1
|r|3:(x0, y0, z0)Ã½Â"

�d·�I�3:(x0, y0, z0)�K��«�Ωε§�
�Bå�·����¥

Dε =
{

(x, y, z)| (x− x0)2 + (y − y0)2 + (z − z0)2 ≤ ε2
}
. (81)

3«�Ω/Ωε^1�¯(Ø∫∫
S

(
u

cos(r,n)

|r|2
+

1

|r|
∂u

∂n

)
dS +

∫∫
Ωε

(
u

cos(r,n)

|r|2
+

1

|r|
∂u

∂n

)
dS

=

∫∫∫
Ω/Ωε

(
1

|r|
∆u+ u∆

(
1

|r|

))
= 0, (82)

ùp·�^
NÚ¼ê�^�∆u = 0§ÏLO����∆
(

1
|r|

)
= 0"·�5¿�éu

«�Ω/Ωε5`§	ý{�þn¢S��Ωε�Sý"dd∫∫
S

(
u

cos(r,n)

|r|2
+

1

|r|
∂u

∂n

)
dS = −

∫∫
∂Ωε,n�S

(
u

cos(r,n)

|r|2
+

1

|r|
∂u

∂n

)
dS

=

∫∫
∂Ωε,n�	

(
u

cos(r,n)

|r|2
+

1

|r|
∂u

∂n

)
dS. (83)

�Ä�Ωε´±(x0, y0, z0)�¥%�¥§Ïdë�¥%(x0, y0, z0)Ú¥¡:(x, y, z)�

�þr�¥�	{�þn§¿�|r| = ε"u´{ucos(r,n) = 1§Ïd∫∫
∂Ωε,n�	

(
u

cos(r,n)

|r|2
+

1

|r|
∂u

∂n

)
dS =

1

ε2

∫∫
∂Ωε

udS +
1

ε

∫∫
∂Ωε

∂u

∂n
dS

=
1

ε2

∫∫
∂Ωε

udS, (84)
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ã 6: K4��*�{�«¿ã"�ãµòü ¥^²1�²¡x�©�eZ«�Ωk¶

mãµ^uO�^=NL¡ÈS(Sk)�l�lk"

Ù¥1���ª¦^
1�¯(Ø
∫∫
S
∂u
∂ndS =

∫∫∫
D ∆udV = 0"·�5¿�þãí�

Ø�6ε���§�ó�·���y²

lim
ε→0+0

1

4π

(
1

ε2

∫∫
∂Ωε

udS

)
= u(x0, y0, z0), (85)

Ò�±y²K8�(Ø"
5¿�4πε2´¥ΩεL¡È��§Ïd∣∣∣∣ 1

4πε2

∫∫
∂Ωε

udS − u(x0, y0, z0)

∣∣∣∣ =
1

4πε2

∣∣∣∣∫∫
∂Ωε

(u(x, y, z)− u(x0, y0, z0)) dS

∣∣∣∣
≤ 1

4πε2

∫∫
∂Ωε

|u(x, y, z)− u(x0, y0, z0)|dS. (86)

�ε→ 0 + 0�§Ωεþ�:(x, y, z)�C(x0, y0, z0)§¤±

lim
ε→0+0

|u(x, y, z)− u(x0, y0, z0)| = 0. (87)

Ïd4�(85)�y"�\�c�ªf

1

4π

∫∫
S

(
u

cos(r,n)

|r|2
+

1

|r|
∂u

∂n

)
dS =

1

4π

(
1

ε2

∫∫
∂Ωε

udS

)
= u(x0, y0, z0). (88)

4.��3K3�(Ø¥�\Ω�¥��/Ò�±��(Ø"²þ�Ø�ª´NÚ¼

ê��²;��x§ �ê¿Âþ�∆u = 0%¹X¼ê�¿Âþ�²þ"3NõÆ�

�ï�¥§¦)�½«�Ωþ�NÚ¼êÑkX�©­��¿Â"

KKK 4. 2021SSSGGGÏÏÏ¥¥¥���ÁÁÁKKK. �ëêa, b, c > 0§-h =
√
a2 + b2 + c2§�f´Rþ�ë

Y¼ê§¦y
∫∫
S f(ax+ by+ cz)dS = 2π

∫ 1
−1 f(hu)du§Ù¥S´ü ¥¡x2 +y2 + z2 =

1"

©Ûµ�KÌ�g´kü:µ1�§�
¦��ª�ý�1�.­¡È©��mý

�½È©§7Lòü ¥¡�¤,«Ü·�ëê�§§¦�ÏLTëê�§ò­¡È©
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z��­È©�§�­È©�±©lÑXmýª�½È©¶1�§·��±ÏLAÛ�

*5�Ä§òü ¥¡SUìax+ by + cz���©�
©¤eZ¥�§z��¥��L

¡È|^^=N¡È{O�§±d�½È©z{"·�Äkæ^�*�{Qã§,��

Ñî�y²§�ö¢S¿��Ó"�K�î�y²Qãþ7L/Ï�5�ê�£§vk

ÆL�5�ê�ÓÆ�IÝº�*g´=�"

Proof. ���***ggg´́́ PΩ�ü ¥x2 + y2 + z2 ≤ 1"é(x, y, z) ∈ Ω§kax + by + cz ∈

[−h, h]"·�ò«m[−h, h]©�NÜ©µ

−h = u0 < u1 < · · · < uN−1 < uN = h, (89)

Ù¥∆uk = uk − uk−1"�k = 0, 1, · · · , N§N + 1�²¡ax + by + cz = uk²1/�ü

 ¥Ω��"d�·��Äzü���²¡ax + by + cz = uk−1Úax + by + cz = uk�

¥����«�Ωk§«�þax+ by + cz ∈ [uk−1, uk]"
Ωk�>.SkK´¥¡S��Ü

©"XJ�ÄNv
�§�ó�z��∆ukÑv
�§@o·��±@�Ωkþ�z��

:ax+ by+ cz���Ñ´ð½�uk§Ïd�±ÏL\\��>.SkCqS�1�.­¡

È© ∫∫
Ω
f(ax+ by + cz)dS ≈

N∑
k=1

f(uk)S(Sk). (90)

Ù¥S(Ωk)�LSk�L¡È"

·�e�ÚI�O�Sk�L¡È§§dü���²¡ax+by+cz = uk−1Úax+by+

cz = uk�¥¡
�"ddSk�þe²¡���»©�
√

1−
(
uk
h

)2
Ú
√

1−
(uk−1

h

)2
"X

ã¤«§Skw,´��^=N§dü ����ã�l3�m^=360Ý��§ù��

ãléA���I����´∆uk
h "duü ��§�y = g(x) =

√
1− x2§dd��

�I��∆ukéA�l��

lk ≈
√

1 + g′
(uk
h

)∆uk
h

=
∆uk

h
√

1−
(
uk
h

)2 . (91)

òL¡Èw�llk�^=��

S(Sk) ≈ 2πlkg

(
∆uk
h

)
=

2π∆uk
h

. (92)

,��\ª(90)�∫∫
S
f(ax+ by + cz)dS ≈

N∑
k=1

f(uk)S(Sk) ≈ π
N∑
k=1

f(uk)
2π∆uk
h

→ 2π

∫ h

−h

f(u)

h
du = 2π

∫ 1

−1
f(hu)du. (93)
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îîî���ggg´́́ �âdc©Û§·�F"÷Xax+ by + cz���O�­¡È©"�
�

�ü ¥�,«Ü·�ëê�§§·�ké¥¡þ�:���C�T

T


u = ax+by+cz

h ,

v = v(x, y, z),

w = w(x, y, z).

(94)

�E��C���{´�En���Ý
A = (ai,j)
3
i,j=1¦�

T :


u

v

w

 =


a11 a12 a13

a21 a22 a23

a31 a32 a33




x

y

z

 (95)

Ù¥A�1�1�þ´(½�ü �þ(
a11 a12 a13

)
=
(

a
h

b
h

c
h

)
. (96)

�Ä���Ý
��1�þ�¤���þ|§��^��A��z��{Ò�±���

�Ý
A"

��C��Ð?�§§òü ¥¡:(x, y, z)��éA�ü ¥¡:(u, v, w)§·

��±ÏLu2 + v2 + w2 = 1JÑ'u:(u, v, w)�ëê�§§2ÏL��C�D��

Ñ(x, y, z)�ëê�§"�
�3gCþu§·��Ä'u:(u, v, w)�ëê�§
u = u,

v =
√

1− u2 cos θ,

w =
√

1− u2 sin θ,

(97)

Ù¥u ∈ [−1, 1]
θ ∈ [0, 2π]§@ogCþ½Â�D′ = [−1, 1] × [0, 2π]",��

Ñ(x, y, z)'ugCþ(u, θ)�ëê�§
x

y

z

 = A−1


u
√

1− u2 cos θ
√

1− u2 sin θ

 (98)

^(98)òK8�1�.­¡È©z�'u(u, θ)��­È©§·�Äk�O��'ëê"

·�éª(98)üýégCþuÚθ©O¦��
∂ux

∂uy

∂uz

 = A−1


∂uu

∂u

(√
1− u2 cos θ

)
∂u

(√
1− u2 sin θ

)
 = A−1


1

−u cos θ√
1−u2

−u sin θ√
1−u2

 (99)

24



±9 
∂θx

∂θy

∂θz

 = A−1


∂θu

∂θ

(√
1− u2 cos θ

)
∂θ

(√
1− u2 sin θ

)
 = A−1


0

−
√

1− u2 sin θ
√

1− u2 cos θ

 (100)

O�ëêE,F,G��£|^��Ý
5�AAT = I¤

E =
(
∂ux ∂uy ∂uz

)
∂ux

∂uy

∂uz



=
(

1 −u cos θ√
1−u2

−u sin θ√
1−u2

)
A−TA−1


1

−u cos θ√
1−u2

−u sin θ√
1−u2

 =
1

1− u2
. (101)

Ón^Ý
$�O�ÑëêG = 1− u2ÚF = 0",��\1�.­¡È©�O�úª∫∫
S
f(ax+ by + cz)dS =

∫∫
D′
f(u)

√
EG− F 2dudθ =

∫∫
D′
f(u)dudθ

=

(∫ 1

−1
f(u)du

)(∫ 2π

0
1dθ

)
= 2π

∫ 1

−1
f(u)du. (102)

2.2 °ÀÖ¿K

ÖÖÖ 1. 2021SSSGGGÏÏÏ¥¥¥���ÁÁÁKKK. O�­¡È©I =
∫∫

xdydz + ydzdx + zdxdy§Ù¥S´

�Ô¡z = x2 + y2�²¡z = 4�Ñ�k�Ü©§È©���	ý"

ÖÖÖ 2. O�­¡È©I =
∫∫
S x

3dydz + y3dzdx+ z3dxdy§Ù¥S´ü ¥31����

Ü©§�	ý"

ÖÖÖ 3. O�­¡È©I =
∫∫
S x

2dydz + y2dzdx+ xydxdy§Ù¥S´�m«�Ω : (x−1)2

4 +
(y−1)2

9 ≤ z ≤ 1�>.§�	ý"

ÖÖÖ 4. O�­�È©I =
∮

Γh

(
y2 − z2

)
dx +

(
z2 − x2

)
dy +

(
x2 − y2

)
dz§Ù¥Γh´²

¡x + y + z = h�ü ¥���­�§�lz¶_������w�­�_����§

ëêh ∈ (−1, 1)"

ÖÖÖ 5. �S´�1w4­¡§�¤«�Ω§�¼êu(x, y, z)Úv(x, y, z)3Ω ∪ SkëY�

�� �ê§y²eã�ª

1.�n1�ü {�þn(x, y, z)�1�©þ§@o
∫∫∫

Ω u
′
xvdV = −

∫∫∫
Ω uv

′
xdV+

∫∫
S uvn1dS"

2.^∆uL«u�^Laplace�f���¼ê§^∇uL«u�FÝ§^ ∂u
∂nL«u3>.Sþ

�	ý{�þ����ê§@o
∫∫∫

Ω∇u · ∇vdV = −
∫

Ω u∆v +
∫∫
S u

∂v
∂ndS"
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